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Abstract

Computing time-optimal shortest paths, in road networks,
is one of the most popular applications of Artificial Intel-
ligence. This problem is tricky to solve because road con-
gestion affects travel times. The state-of-the-art in this area
is an algorithm called Time-dependent Contraction Hierar-
chies (TCH). Although fast and optimal, TCH still suffers
from two main drawbacks: (1) the usual query process uses
bi-directional Dijsktra search to find the shortest path, which
can be time-consuming; and (2) the TCH is constructed w.r.t.
the entire time domain T , which complicates the search pro-
cess for queries q that start and finish in a smaller time pe-
riod Tq ⊂ T . In this work, we improve TCH by making
use of time-independent heuristics, which speed up optimal
search, and by computing TCHs for different subsets of the
time domain, which further reduces the size of the search
space. We give a full description of these methods and discuss
their optimality-preserving characteristics. We report signifi-
cant query time improvements against a baseline implemen-
tation of TCH.

Introduction
Recent years have seen substantial progress for computing
shortest paths in static road network. Leading algorithms in
this area, such as Contraction Hierarchies (CHs) (Dibbelt,
Strasser, and Wagner 2016) and CH-based Compressed Path
Databases (Shen et al. 2021), can solve a given query in just
micro seconds. However static networks can only roughly
approximate actual road conditions, since traffic conges-
tion (among other issues) can affect travel times through-
out the day. How to compute more accurate solutions in
these settings has become an important topic, and is a nec-
essary enabling technology for reliable route planning soft-
ware (Delling et al. 2017), such as Bing Maps and Google
Maps. One way to address this problem is to model the
road network in a time-dependent way, where the cost of
each edge is determined by a piecewise linear function that
changes depending on the time of day. Because the time-
dependent model can take into account expected traffic con-
gestion, the computed shortest paths more closely approxi-
mate actual road conditions.
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The state-of-art algorithm in this area is Time-dependent
Contraction Hierarchies (Batz et al. 2013, 2009) : a fam-
ily of successful speed up techniques that embeds the road
network into a hierarchical graph. There are however two
drawbacks: (i) TCH inherits the bidirectional Dijkstra search
from static Contraction Hierarchies (Dibbelt, Strasser, and
Wagner 2016). This approach does not rely on any lower-
bounding heuristics for guidance, although such methods are
known to improve performance. (ii) In time-dependent road
networks, TCH is built by considering the entire time do-
main T , in order to answer all queries q ∈ T . However, each
individual query only corresponds to a trip within a limited
time period Tq , such that Tq ⊂ T . Embedding the travel time
metric for the entire time domain T can increase the size of
TCH search space, which again affects query performance.

In this work, we investigate how to improve the TCH al-
gorithm. First, we adapt two admissible heuristic functions
from the static network literature: landmarks (Goldberg and
Harrelson 2005) and Path Databases (Bono et al. 2019).
We show that both approaches can be easily integrated with
TCH and both can substantially improve performance. Our
second approach involves building a set of smaller TCHs,
each of which focuses on a subset of the time domain. By
choosing the appropriate TCH for each query q ∈ T we
can retain the optimality guarantees of the original algorithm
while substantially improving search performance.

We give a complete description of the new algorithms, and
evaluate them on a range of road networks, including real-
world as well as synthetic datasets. Results show substantial
improvement over the baseline TCH method.

Preliminaries
Let G = (V,E, F, T ) be a directed graph, with nodes V ,
edges E ⊆ V × V and f ∈ F maps each edge e ∈ E to a
Travel Time Function (TTF) which returns the non-negative
travel time f(t) needed to travel through the edge e for a
given specific start time t in the time domain T . Each di-
rected edge evivj ∈ E with its corresponding TTF fvivj rep-
resents the edge that connects node vi to vij. In a road net-
work, we naturally assume that the network G satisfies the
FIFO property (i.e., fvivj (t

′)+t′ ≥ fvivj (t)+t | ∀evivj ∈ E
and ∀t′ > t ∈ T ), that is departing later or waiting at an
intermediate node cannot result in arriving earlier. Similar
to many existing works (Batz et al. 2009, 2013), we model
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Figure 1: An example of an undirected time-dependent
graph. TTFs of the red edges are shown below the graph,
and the travel cost of the other edges are constant.

the TTF as a continuous piece-wise linear function with the
time domain of 24 hours. Figure 1 shows an example of a
time-dependent network. For exposition only, we assume the
graphG is undirected and only the edges that are highlighted
in red have non-constant TTF with T = [0, 180). Next, we
explain some of the important operations of TTF.

Evaluation of f(t) ∈ F normally requires a binary
search over the sorted array of interpolate points, and runs
in O(log(|f |)) where |f | denotes the number of interpo-
late points of f . However, we use the bucket-implementation
(Batz et al. 2013), which evaluates f(t) by scanning only the
interpolate points inside the bucket corresponding to t.

Chaining computes the TTF of a path evivj → evjvk as
fvivk(t) = fvjvk(t+fvivj

(t)). We use fvivk = fvivj ◦fvjvk
to denote the chaining. Since concatenating two piece-wise
linear functions can only result in a piece-wise linear func-
tion, the operation can be computed in linear time (i.e.,
O(|fvivj

| + |fvjvk |) ). The resultant function fvivk has the
number of interpolate points |fvivk | ≤ |fvivj |+ |fvjvk | with
the lower-bound min(fvivk) ≥ min(fvivj ) +min(fvjvk).

Merging minimizes the TTFs f ′vivj and f ′′vivj on two par-
allel edges of evivj while preserving all the shortest paths
in G. The operation fvivj = min(f ′vivj , f

′′
vivj

) is defined
as fvivj (t) = min{f ′vivj (t), f

′′
vivj (t)} | ∀t ∈ T . Similar to

chaining, this operation also runs in O(|f ′vivj |+ |f
′′
vivj |) and

results in a piece-wise linear TTF.
A path P from source (s) and destination (d) is a se-

quences of nodes 〈v0, v1, v2, . . . , vk−1, vk〉, where k ∈ N+,
v0 = s, vk = d, and evivi+1

∈ E for 0 ≤ i < k. In time-
dependent road network, the length (travel cost) of path |P|
depends on the departure time t ∈ T and |P| = fv0vk

(t),
where fv0vk(t) = fv0v1 ◦ fv1v2 . . . ◦ fvk−1vk . Given a start
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Figure 2: From the source node H, the first move on the op-
timal path to any node are A (red), E(orange) and F (purple).

Ordering H A F J I B G D C E

H * A F F F F F F F E
A H * H H H H H H H H
J F F F * I D D D C E

Table 1: First moves for H, A and J for the example of Fig. 2

time t, sp(s, d, t) denotes the shortest path from s to d.

Compressed Path Database (CPD): is the state-of-the-
art approach (Botea 2011) for extracting shortest path in
static road networks (i.e., the cost of each edge is a constant
value). In a CPD, for each s ∈ V , a row R(s) is computed
which stores, for every d ∈ V , the first move (i.e., the first
vertex) on the shortest path from s to d. Each row R(s) is
compressed using run-length encoding (RLE), thus extract-
ing first move fm[s, d] only requires a simple binary search
through the compressed RLE encoded string. The shortest
path from s to any d (i.e., CPD(s, d)) can then be obtained
by recursively finding the first moves fm[s, d].

Example 1. Consider the graph shown in Figure 2. Table 1
shows the first move rows for nodes H, A and J, where “*”
is a wildcard (i.e., don’t care) symbol that indicates s and
d are the same, thus never need to lookup this symbol. The
RLE compresses a string of symbols into representative sub-
strings, each sub-strings has two values: a start index and
a first move symbol, e.g., the compressed RLE strings for H,
A and J are [(1,A), (3,F), (10,E)], [(1,H)] and [(1,F), (5,I),
(6,D), (9,C), (10,E)], respectively. Note that the symbol ”*”
can be combined with any other symbols, and the effective-
ness of RLE compression depends on the way nodes in each
row are ordered, e.g., the order of columns is a Depth First
Search order (from H) as suggested by Strasser, Harabor, and
Botea (2014).

Reversed Path Database (RPD): stores, for each source
node s ∈ V , a reverse row RR(s) which records, for every
d ∈ V , the first move on the shortest path from d to s (Mahéo
et al. 2021). Unlike CPD, the compression on RR(s) is not
effective. Therefore, RPDs are not compressed. This allows
accessing the first move in O(1). The shortest path from s
to d can be efficiently obtained by recursively obtaining the
fm[s, d] usingRR(d), i.e., the shortest path can be extracted
using a single row. Note that both CPD and RPD runs Dijk-
stra search to compute R(s) or RR(s) on each source node
s, and can be paralleled linear in number of processors.



The CPD and RPD are state-of-the-art heuristics in dy-
namic environment settings too (Bono et al. 2019). Simi-
larly, given a time-dependent graphG, we build a CPD or
RPD by considering the minimal cost on each edge ofG.
Since the optimal path extracted from database is no larger
than the shortest path onG (i.e., jCPD(s; d)j � j sp(s; d; t)j
for 8(s; d) 2 G and8t 2 T), the �rst-move oracle de�nes
anadmissibleheuristic.

Example 2. Figure 2 shows an example, where we con-
struct a CPD on a graph with minimal edge weight shown
in Figure 1. The shortest path extracted from CPD between
Hto J is a valid lower bound, i.e.,(jCPD(H; J)j = 20) �
(f sp(H; J; t) j 8t 2 Tg = [30,40] ).

Landmarks: are another method for generating admis-
sible heuristics in time-dependent road network (Delling
and Wagner 2007). For each landmarkl 2 L , we use the
minimum travel time of each edge to compute an array
that records a pair(d(l; v); d(v; l)) on eachv 2 V , where
d(l; v) denotes the shortest travel time froml to v. Due to
the triangle inequality, the array of cost is exploited to be
the lower-bound ofsp(vi ; vj ; t) for 8t 2 T, from anyvi
to any vj : landmark (vi ; vj ) = max l 2 L f max(d(vi ; l ) �
d(vj ; l ); d(l; v i ) � d(l; v j ))g. The effectiveness of lower-
bound depends on the distribution of landmarks, thus we
selectL on the borders of the graph following the same pro-
cedure explained in (Sturtevant et al. 2009).

Time-Dependent Contraction Hierarchy (TCH): is a
speedup technique that exploits the hierarchical nature of the
real-world transportation networks (Batz et al. 2009, 2013).
Given a graphG, a TCH can be built by repeatedly applying
a contraction operation tov 2 V . In broad strokes:

1. Apply a total lex orderL to the nodesV of G.
2. W.r.t. L , choose the least nodev 2 V that has not been

previously contracted.
3. (Contraction) Add toG a shortcut edgeeuw between

eachpair of in-neighbouru and out-neighbourw of v
for which: 1) the lex orderu and w are larger thanv;
and 2)hu; v; wi is the shortest path betweenu andw at
some timein T. When adding the shortcut edgeeuw , the
TTF is computed asf uw = f uv � f vw . However, the par-
allel edges can exist, and in this case, we merge existing
TTF f 0

uw asf uw = min (f 0
uw ; f uv � f vw ) and maintain

a middle node pro�leto track the intermediate node for
corresponding interval in TTF.

Fewer shortcuts improve query performance, but comput-
ing a lex orderL that minimizes the number shortcuts is
NP-hard (Bauer et al. 2010). Thus, we use the heuristic order
suggested in (Batz et al. 2013). Note that the contraction op-
eration requires verifying local optimality and can be costly
in time-dependent scenario, therefore the steps 2-3 are par-
allelized. We refer the reader to the paper (Batz et al. 2013)
for more details of the parallelization.

Example 3. In Figure 3, we contract the time-dependent
graph shown in Figure 1 in alphabetical lex order. The TTF
of the shortcut edgeeHJ is computed asf HJ = min (f HE �

Figure 3: We show the result for contracting nodesE andF
in purple, andDin red. Dashed edge are the shortcut edges
and their corresponding TTFs are shown in the �gure below.

f EJ; f HF � f FJ) and the corresponding middle node pro-
�le is f (0; E); (40; F); (80; E)g which indicates the middle
nodes areE, F and E for the time period[0; 40),[40; 80)
and[80; 180), respectively. Also note, without shortcut edges
(dashed), the optimal path fromA to B at time 150 has 6
edges:hA; H; E; J; D; G; Bi . However, with shortcut edges, we
traverse only four edges:hA; H; J; G; Bi .

Recall that TCH adds a shortcut edgeeuw iff both u and
w are lexically larger than the intermediate nodev, andeuw
is optimal and equivalent to the pathhu; v; wi . Therefore,
for every pair of edges (euv ; evw ), there must exist a cost
equivalentup edgeeuw " (i.e,u < L w) or down edgeeuw #
(i.e, u > L w), if hu; v; wi is sp(u; w; t) for t 2 T. Thus, we
have the following:
Lemma 1. (tch-path): For every optimal pathsp(s; d; t) in
G, there is a cost equivalent tch-pathhs; : : : k : : : di whose
pre�x hs; : : : ki is an up path (i.e.,s < L s + 1 < L k and
suf�x hk : : : di is a down path (i.e.,k > L k + 1 > L d)
Corollary 1. (apex node): Every tch-path has a nodek
which is lexically largest among all nodes on the path.

The key idea of TCH is that the shortcut edges can bypass
one or more intermediate nodes in a single step. To achieve
a speedup, authors in (Batz et al. 2013) develop the Bidirec-
tional TCH search (BTCH) to ef�ciently �nd the tch-path,
following Lemma 1. To support the bi-directional search,
BTCH divides the set of edgesE into two as follows:
• E" = f euv 2 E j u < L vg

(i.e., the set of all “up” edges); and
• E# = f euv 2 E j u > L vg

(i.e., the set of all “down” edges).
Given a source-destination pair(s; d) and departure time

t, the main challenge of the bidirectional search is that the


