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Abstract

The pathfinding problem is a fundamental challenge in artificial intelligence, with numerous
real-world applications across a variety of environments and domains. Many of these applications
involve a large number of users, making it crucial to solve the pathfinding problem efficiently in
order to ensure scalability. In this dissertation, we focus on the pathfinding problems in three
distinct applications: (i) computer games, where the pathfinding task involves navigating an
agent in a Euclidean plane with polygonal obstacles, (ii) route planning software, where the
objective is to find an efficient path for a user to travel on a road network or a network that
considers varying travel time, and (iii) automated warehouses, where multiple agents need to be
coordinated simultaneously. Below, we briefly discuss our motivations and contributions made

to each of these applications.

In computer games, agents must navigate in a Euclidean space with polygonal obstacles.
Leading works in this area all rely on state-space search to find a solution and that search is often
an all-or-nothing affair, meaning that no results are returned until the best solution is found.
This behaviour may cause first move lag, where a mobile agent must wait for the search to finish
completely before taking even the first step towards its destination. To address this undesirable
behaviour, we propose efficient algorithms for both optimal and suboptimal pathfinding. Our
first algorithm, End Point Search (EPS), finds the optimal path faster than a range of state-
of-the-art pathfinding algorithms in the field. Not only is EPS fast, but it also exhibits strong
any-time behaviour, enabling it to find feasible solutions before proving optimality. Our second
algorithm, Centroid Path Extraction (CPE), finds suboptimal paths within a fixed bound of
the optimal solution. Experiments show that CPE is faster than competitors and computed

solutions have better path quality than competing suboptimal algorithms.

When it comes to routing planning, our initial focus is static road networks, where the cost on
each edge of the network is modelled as a constant value, representing travel time or distance.
The state-of-the-art algorithm in this area is Compressed Path Databases (CPD) a power-
ful database-driven method that forgoes conventional state-space search and instead extracts
shortest paths using precomputed first-move data. Yet, CPDs have two main drawbacks: (i)
constructing the database requires an offline all-pairs precompute, which can sometimes be pro-
hibitive and; (ii) extracting a path requires a number of database lookups equal to its number of
edges, which can be costly in terms of time. To mitigate the disadvantages of CPDs, we investi-
gate connections with another family of successful, but search-based, speedup techniques called
Contraction Hierarchies (CH). This leads us to introduce our new technique, CH-CPD, which
combines the strengths of the state-of-the-art algorithms CH and CPD. In a range of experiments

on road networks, we show that our new CH-CPD can be built cheaper than conventional CPD,
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and runs faster than a range of existing algorithms, including CH and CPD. Partial CH-CPD

further reduces the preprocessing cost while maintaining the competitive runtime.

To better support more accurate route planning, we also explore the pathfinding problem in
time-dependent road networks, where the cost of each edge is determined by a piecewise linear
function that varies depending on the time of day. Time-dependent road networks provide a
more precise representation of road conditions by considering expected traffic congestion. The
current state-of-the-art algorithm in this area is called Time-dependent Contraction Hierarchies
(TCH). Although fast and optimal, TCH still suffers from two main drawbacks: (i) the usual
query process uses bidirectional Dijkstra search to find the shortest path, which can be time-
consuming; and (ii) the TCH is constructed w.r.t. the entire time domain T , which complicates
the search process for queries ¢ that start and finish in a smaller time period Tq  T. To further
enhance the performance of TCH, we develop several techniques that improve TCH by making
use of time-independent heuristics, which speed up optimal search, and by computing TCHs
for different subsets of the time domain, which further reduce the size of the search space. Our

results indicate substantial improvements in query times compared to the baseline TCH.

Finally, we focus on automated warehouses, addressing the Multi-Agent Pathfinding (MAPF)
problem, which asks us to simultaneously plan collision-free paths for groups of moving agents.
Among the leading methods for optimal MAPF is Conflict-Based Search (CBS), an algorithmic
family which has received intense attention in recent years and for which large advances in effi-
ciency and effectiveness have been reported. Yet all the recent CBS gains come from reasoning
over pairs of agents only. We address this problem by demonstrating how CBS can be further
enhanced by reasoning about more than two agents at the same time. Our new reasoning tech-
niques, Cluster Heuristic and ByPass (CHBP), allow us to generate stronger lower bound values
for CBS and identify additional bypasses (alternative cost-equivalent paths), which can both
reduce the number of nodes expanded by CBS. Our experiments show substantial improvements
for CBS, especially on dense maps, and we believe that the use of cluster reasoning opens up a

promising new research direction.

Amid the swift advances of automated warehouses, MAPF has been receiving increasing at-
tention in recent years. Many works appear on this topic each year, and a large number of
substantial advances and performance improvements have been reported. Yet measuring the
overall progress in MAPF is difficult: there are many potential competitors, and the compu-
tational burden for comprehensive experimentation is prohibitively large. Moreover, detailed
data from past experimentation is usually unavailable. To lower the barrier of entry for new
researchers and further promote the study of MAPF, we introduce a set of methodological best

practices for experimentation and reporting, along with a variety of visualisation tools. These
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resources can help the community to establish clear indicators for state-of-the-art MAPF per-
formance and facilitate large-scale comparisons between MAPF solvers. We implement these

ideas into a publicly available web platform for the benefit of the community.

Our research has yielded efficient and effective algorithms for solving pathfinding problems
in a variety of distinct applications. Advancing the state-of-the-art in the field, we are now
able to answer pathfinding queries much faster than before, potentially benefiting not only the
applications we targeted but also a broader range of other extended applications. Looking

forward, we also suggest several promising directions for future research.
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Chapter 1

Introduction

Path nding queries are one of the most ubiquitous practical uses of computing, which involve
navigating an agent or groups of agents from the source locations to their destination locations
in a shared environment. These queries are widely used in various real-world applications,
including path planning in video games [1], route planning in GPS navigation software [2], multi-
robot coordination in automated warehouses [3], drone swarm coordination [4], location-based
services in indoor spaces [5], relationship reasoning in social networks [6], and so on. Due to the
broad range of practical applications and interests, solution methods that tackle the path nding
gueries have been extensively studied by various research communities. These e orts have led
to numerous advances and optimisations over the past decades. The majority of attention is
on nding paths that: (i) meet domain-speci ¢ constraints (e.g., avoiding obstacles, avoiding
collisions with other agents, etc.); (ii) are of reasonable quality (e.g., minimal distance, minimal
travel time, etc.); and (iii) as e cient as possible in terms of response time and computational
resources (e.g., memory and preprocessing time). These criteria play a crucial role in making
path nding queries more practical and useful in a wide range of applications.

In this dissertation, we investigate path nding queries in the context of three prevalent real-
world applications: computer games, route planning software and automated warehouses. Sec-
tion 1.1 elaborates on the applications of path nding queries in di erent domains and our
motivation for studying them. Section 1.2 highlights our contributions, including novel algo-
rithms for improving the query performance and reducing preprocessing cost. Lastly, Section 1.3
describes the organisation of this dissertation.

1.1 Motivation

In this section, we provide a summary of our target application settings and the limitations of
existing works.



1.1.1 Path nding in Computer Games

In computer games, the environment is typically represented as a two-dimensional plane which
contains polygonal obstacles that must be avoided by virtual characters. Figure 1.1 shows a
typical example from one of the most popular online games, League of Legends (LoL)The
obstacles here are rocks and buildings. During a game, players navigate their characters around
the map, which is facilitated by solving a range of path nding queries. Path nding is also
required as part of higher-level decision-making for non-player characters (NPCs), such as build
planning and combat planning. In each of these cases, it is desirable to nd direct and detour-
free paths because virtual characters need to appear intelligent to human observers. Yet this
apparently simple task is surprisingly complicated because games occur in real-time, they often
involve a large number of player and non-player characters, and because there are only limited
CPU and memory resources available for path nding (the bulk of computational resources are
assigned to other higher-priority tasks such as graphics, networking and so on [7, 8]). E ective
algorithms in this space are ones that compute paths which are: (i) obstacle avoiding; (ii) as
short as possible; and (iii) computed as fast as possible.

A wide variety of algorithms have been proposed to quickly nd paths in game settings. Many
of these works model the Euclidean environment in an approximate way using a grid map [9{12].
Grids are simple to build and fast to search. Yet the resulting grid paths are often longer than
necessary and agents following grid paths appear unrealistic due to limited movement options
(they can only turn at 45 or 90 degrees). An alternative and more precise way of representing a
map is to reason over the Euclidean space directly. Paths computed with these types of models
are short and agents following these paths appear realistic. Yet there are only limited works
in this area [13{15]. All rely on state-space search to nd a solution and that search is often
an all-or-nothing a air; i.e. until a best solution is found, nothing is returned. This behaviour
may be undesirable as it introduces the potential for so-calledrst move lag, where a mobile

Figure 1.1: An example of online game (League of Legends), where the game engine needs to
navigate the player's character by avoiding the obstacles, e.g., rocks, buildings etc.

!Downloaded from https://leagueoflegends.com/en-us/



agent must wait for the search to nish completely before it can take even a rst step toward its
destination. Motivated by these limitations of the existing research, we identify the following
research challenge that we set out to address in this dissertation:

Challenge #1 . In a Euclidean space that models the environment precisely, can we
design an e cient path nding algorithm that does not only nd the shortest path,
but also mitigates the rst move lag?

1.1.2 Path nding in Route Planning Software

Route planning software, of the type used for in-car navigation, is among the most ubiquitous
applications of Al. Here, the environment is modelled as a graph, with each node representing a
road intersection and each edge representing a traversable road segment between two adjacent
nodes. Figure 1.2 shows an example of route planning from the Monash Clayton campus to the
Caul eld campus using Google Map$; the system-recommended path is coloured in blue, and
other alternative paths are coloured in grey. From the users' point of view, various types of
paths (e.g. shortest distance, fastest travel time, etc.) may be preferred for their daily travel,
but the main objective is to make the journey as e cient or economical as possible. From the
system perspective, each path recommendation requires a path nding query on a large scale
road network (e.g., city sized). Every day, millions of requests that need to be processed, making
it a challenging task to provide high-quality paths that meet user criteria while maintaining fast
response times. E ective algorithms for route planning are ones that: (i) nd a feasible path
from each start location to each intended destination on the graph; (ii) minimise the user's
objective; and (iii) solve each problem as quickly as possible.

Figure 1.2: Route planning on Google Maps, where the user needs to nd the fastest path
from Monash Clayton campus to Caul eld campus

2Downloaded from https://maps.google.com



Static Road Networks is a popular type of route planning model where the cost to travel on
each road segment is xed and unchanging. Many search-based algorithms have been proposed
to solve these types of problems. These works tend to reduce the search space by using e ective
heuristics [16, 17]; bidirectional search [18, 19]; edge labelling [20, 21]; and the idea of short-
cuts [22{24]. Yet these algorithms still require substantial search time to nd optimal paths,
when deployed at scale [25]. Therefore, the state-of-the-art path nding algorithms for road net-
works are often oracle-based approaches [26, 27], a family of techniques that forgo conventional
state-space search and insteadxtract the shortest paths using precomputed data. Although the
oracle-based approach is fast at nding optimal paths, it requires substantial time and memory
to build and store the oracle. These preprocessing costs increase in the size of the input graph,
which can be prohibitive in some cases, especially for large input graphs. Motivated by this, we
post the following challenge:

Challenge #2 . In a static road network, can we reduce the preprocessing costs of
oracle-based algorithms while still preserving their e cient query performance?

Time-dependent Road Networks is a more sophisticated type of route planning model
where travel time on the network are allowed to vary during the day. These models can more
accurately represented actual road conditions, since tra ¢ congestion (among other issues) can
a ect travel times throughout the day. A variety of existing works for static road networks can
be extended to the time-dependent scenario, e.g., the idea of heuristic and bidirectional search
are extended by [28{30]; edge labelling and shortcuts are generalised by [30{32]. However,
unlike the static road network, these extended approaches need to handle the time-dependent
data for the entire time domain (usually 24 hours) in order to answer any queries issued. Due
to the large period of time domain and complex travel time function used to model changing
costs, these approaches often compute solutions much more slowly, and they require substantial
time and memory to construct auxiliary data structures that cover the entire time domain.
Therefore, we post the challenge below:

Challenge #3 . In a time-dependent road network, can we design path nding algo-
rithms that manage the time-dependent data more e ciently to further accelerate
the path nding algorithm?

1.1.3 Path nding in Automated Warehouses

In automated warehouses, hundreds of robots work together to pick and deliver items simul-
taneously. To facilitate coordination and synchronisation the problem is often discretised: the
environment is mapped onto a 4-connected grid, time is discretised into unit-sized steps and



during each timestep robots can only move to an adjacent grid node or wait in their current
location. An example of this setup can be seen in Amazon's automated warehousewhere
each blue driving unit (robot) has been assigned multiple delivery tasks (refer to Figure 1.3).
Each individual robot aims to complete its task as quickly as possible, and therefore prefers the
shortest path possible. But the robots must also work together, such that there is no collision
between robots during the execution of their tasks. A variety of additional considerations ap-
pear in such setups. For example, thousands of orders are received daily each of which is further
broken down into multiple delivery tasks for robots; the system also needs to continuously syn-
chronise the robots, correct their location, and re-plan their paths; all of this must also occur
in real-time. Yet the core challenge can be stated much more simply and abstractly: nd a set
of paths to move each robot/agent from a xed source to xed destination, all while ensuring
that: (i) no collisions occur with other agents or obstacles; (ii) the sum of individual path costs
is minimised; and (iii) the entire plan is found as quickly as possible. We refer to this type of
path nding query as classic Multi-Agent PathFinding (MAPF) [3].

Conict-based Search  (CBS) [33] is a state-of-the-art algorithm for MAPF, which can be
understood as a best- rst search algorithm that routes each agent independently and then re-
solves conicts afterwards. In recent years, there has been massive advances in the e ciency
and scalability of CBS. These gains have been achieved by: (i) taking into account symme-
tries that result in the con icts between two agents [34, 35]; (ii) generating complex admissible
heuristics [36, 37]; and (iii) introducing bypasses[38], to reduce the number of subproblems
that CBS must tackle. Yet CBS timeout failures, even on modest size problems with dozens
of agents, are not uncommon. Thus far, the CBS algorithm only reasons about incompatibil-
ity between at most two agents at a time. It lazily detects con icts between pairs of agents,
resolves those conicts by addingpairwise constraints, and generates heuristics by combining
information about the interactions of pairs of agents. How to reason with more than two agents

Figure 1.3: An example of the automated warehouse in Amazon, where each mobile robot
needs to deliver items and coordinate with each other.

3Downloaded from https://www.aboutamazon.com/news/operations/10-years-of-amazon-robotics-how
-robots-help-sort-packages-move-product-and-improve-safety



at a time is a challenging opening question and is necessary for the CBS algorithm to improve
further, thus we identify the following challenge:

Challenge #4 . In the classic MAPF problems, can we design new algorithmic
techniques to capture the incompatibility of more than two agents and utilise this
information to further improve the performance of the state-of-the-art optimal
MAPF algorithm CBS?

Tracking Progress.  As industrial interest continues to grow, the number of publications
on the topic of MAPF has exploded [34, 39{43]. Many works now appear, across many dif-
ferent venues, and there have been substantial performance improvements. To track progress
in the area, the community has developed a set of standardised MAPF benchmarks [3], which
cover a variety of popular application domains and synthetic/pathological test cases. In total,
there are more than 1.5 million standard instances with up to thousands of moving agents per
instance. Unfortunately, the computational burden associated with running this benchmark is
large, which means that most researchers attempt to solve only a limited subset of instances
and then only compare against a limited subset of potential competitors. Published works typ-
ically only include headline results, such as success rates and total problems solved, they do
not mention which speci ¢ problems were solved, which were closed, and where the remaining
gaps are. Supplementary data, such as concrete plans and best-known bounds, which can allow
other researchers to verify claims and build on established results, are seldom available. Thus,
despite notable advances, and despite the availability of benchmark problem sets, we do not cur-
rently have a clear picture of overall progress in MAPF. We thus identify the following challenge:

Challenge #5 . In the classic MAPF problems, can we design tools and methodolo-
gies to track the progress of MAPF algorithms, lowering the barrier to entry for
new researchers and advancing the study of MAPF?

1.2 Contributions

In this section, we outline the contributions made by this dissertation to each challenge of
path nding problem, including the associated research publications.

1.2.1 Fast Optimal and Bounded Suboptimal Euclidean Path nding

To tackle Challenge #1 , we rst develop an optimal Euclidean path nding algorithm, End
Point Search (EPS), which mitigates rst move lag using anytime behaviours [44]. i.e., we aim



to compute \good" solutions quickly and we guarantee to return optimal solutions eventually,
given su cient time. In a range of experiments and empirical comparisons we show that: (i) the
auxiliary data structures required by EPS are cheap to build and store; (ii) for optimal search,
the new algorithm is faster than a range of recent path nding algorithms, with speedups ranging
from several factors to over one order of magnitude; (iii) for anytime search, where feasible so-
lutions are needed fast, we report even better performance. Our second strategy to address the
rst move lag is to develop an ultra-fast bounded suboptimal path nding algorithm called Cen-
troid Path Extraction (CPE). CPE is completely search-free, simultaneously fast, and returns
a path within a xed bound of the optimal solution. In a range of empirical results, we show
that: (i) our approach outperforms a range of optimal and suboptimal path nding algorithms
proposed in the literature; (ii) our approach demonstrates excellent path quality, better than all
existing suboptimal path nding algorithms; and (iii) the approach o ers exibility by allowing

a trade-o between the preprocessing cost (space and time) and the suboptimality bound.

The optimal algorithm EPS [45] was published in the Twenty-Ninth International Joint Con-
ference on Arti cial Intelligence (IJCAI 2020). The suboptimal algorithm CPE [46] was pub-
lished in the Arti cial Intelligence Journal (AlJ 2022) as an extension of our IJCAI 2020 paper.

1.2.2 Contracting and Compressing Shortest Path Databases

To tackle Challenge #2 , we propose a novel oracle, called CH-CPD, that can e ciently an-
swer the shortest path query in a static road network. CH-CPD mitigates the disadvantages of
the leading oracle approach, Compressed Path Databases (CPD), by investigating connections
with another family of successful search-based speedup techniques called Contraction Hierar-
chies (CH). While CH-CPD extracts the shortest path fast, we further propose more advanced
techniques to improve the preprocessing time, and a partial CH-CPD search that allows users
to trade o between memory cost and query performance. In a range of experiments on road
networks, we show that CH-CPD substantially improves on conventional CPDs in terms of pre-
processing costs and online performance. We also report convincing query time improvements
against a range of methods from the recent literature.

The algorithm CH-CPD [47] was published in the Thirty-First International Conference on
Automated Planning and Scheduling (ICAPS 2021).

1.2.3 Improving Time-Dependent Contraction Hierarchies

To tackle Challenge #3 , we focus on improving the state-of-the-art algorithm, Time dependent
Contraction Hierarchies (TCH), which aims to compute the optimal path in a time-dependent
road network. Specially, we adapt two admissible lower-bounding functions: landmarks [16] and



CPD heuristics [48]. Both heuristics only require auxiliary data structures built based on the free
ow cost, which does not increase in size with the addition of time information. Additionally,
we introduce two algorithms called Single-layer TCH (STCH) and Multi-layer TCH (MTCH)
that e ciently handle time-dependent data by constructing a series of smaller TCHs, each of
which concentrates on a speci ¢ part of the time domainT. By choosing the appropriate TCH
for each queryq 2 T, we can retain the optimality guarantees of the original algorithm while
substantially improving search performance. We evaluate our proposed algorithms on a range
of time-dependent road networks, including real-world as well as synthetic datasets. Results
show substantial improvement over the baseline TCH method.

This research [49] was published in the Thirty-Second International Conference on Automated
Planning and Scheduling (ICAPS 2022).

1.2.4 Beyond Pairwise Reasoning in Multi-Agent Path nding

To tackle Challenge #4 , we focus on improving a leading optimal MAPF algorithm called
Conict-based Search (CBS). Intensively studied, all the recent CBS gains come from reasoning
over pairs of agents only, we propose a novel algorithm called Cluster Heuristic and Bypasses
(CHBP), which overcomes this limitation by extending CBS heuristics to reason about more
than two agents at every node. CHBP does this by exploiting mutex propagation [35], a success-
ful pairwise reasoning technique, which we extend to clusters of more than two agents. CHBP
derives stronger bounds for CBS and also generate new kinds of bypasses, where the assigned
paths of some agents are replaced to reduce the number of conicts. In a range of empirical
results, CHBP shows substantial improvements for CBS, especially on dense maps.

This research [50] was published in the Thirty-Thrid International Conference on Automated
Planning and Scheduling (ICAPS 2023).

1.2.5 Tracking Progress in Multi-Agent Path nding

To tackle Challenge #5 , we introduce a new set of methodological and visualisation tools to
facilitate comparisons between a wide range of MAPF methods. We then undertake a large set
of experiments, with several currently leading optimal and suboptimal solvers, in an attempt
to map the current Pareto frontier. Finally, we propose a new online platform for the MAPF
community to track and validate further gains and to improve visibility for and access to existing
solvers. We believe that these proposals can help identify the main strengths of existing research
and the remaining challenges in the area. They can also be used to track progress on those
challenges over time. Finally, we believe that these proposals can help to lower the barrier of
entry for new research on the topic of MAPF.



This research [51] was presented as a system demonstration at the Thirty-Thrid International
Conference on Automated Planning and Scheduling (ICAPS 2023). The demo can be accessed at
the following link: https://icaps23.icaps-conference.org/program/demos . A full-length
manuscript is also available at: https://arxiv.org/abs/2305.08446

1.3 Thesis Organization

This dissertation is organised as follows:

Chapter 2 reviews the literature that related to path nding problem.

Chapter 3 presents our techniques [45, 46] to e ciently nd optimal and suboptimal
obstacle-avoiding path in a Euclidean plane.

Chapter 4 covers our e cient oracle-based approach [47] for retrieving the shortest path
in a static road network.

Chapter 5 describes our enhancement techniques [49] on the state-of-the-art algorithms,
TCH, for nding the shortest path in a time-dependent road network.

Chapter 6 shows our novel cluster reasoning techniques [50] to enhances the performance
of the CBS algorithm for solving the classic MAPF problem.

Chapter 7 describes our proposed platform [51] for continuously monitoring the progress
of MAPF algorithms.

Chapter 8 concludes our research and discusses future works.



Chapter 2

Literature Review

In this chapter, we provide a brief overview of the related work for path nding queries in each
application domain. More speci cally, we provide the related work for path nding queries in
Euclidean space in Section 2.1. Following by the literature overview of path nding queries in
road networks in Section 2.2. Section 2.2.4 further discusses the existing work for path nding
gueries in time-dependent road networks. Finally, we present the related work for classic multi-
agent path nding in Section 2.3.

2.1 Path nding in Euclidean Space

In the Euclidean path nding problem, we are asked to nd point-to-point paths in a continuous
2D workspace which contains polygonal obstacles in xed positions. Any non-obstacle point
from the workspace is a potential source §) or destination (d) position and the objective is
to nd an obstacle avoiding, distance minimum path, between pairs of points that are a priori
unknown. We next de ne some necessary terminology.

A polygon is a closed set of edges and a set of points each called a vertex. Each edge is a
contiguous interval between two di erent vertices (i.e., e = [v;j,vj]), where v; and v; are the
closed ends ofe. Polygons can overlap, but only if they share a common edge or vertex. A
convex polygon is a polygon where every line drawn between points in the polygon remains
within the polygon. Two points are visible if there exists a straight line between this pair that
does not intersect with any point from the interior of a polygon. We suppose that a mobile
point-sized agent can directly travel between any pair of co-visible points. A path is a sequence
of points P = hp,p2, , Pk 1 such that 8 p;, pi+1 2 P, pi and pj+1 are co-visible. The cost of a
path P is the cumulative Euclidean distance between every successive pair of points; i.e.jP]
_P K “ed(pi; pi+1) where ed(p; pY) is the Euclidean (straight line) distance betweenp and p°
A path is optimal if its cost is minimum among all paths between its source and destination.

10
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A vertex of a polygon is called a convex vertex if any line between two points \near" the
corner stays within the polygon. More formally, if we form the triangle of the vertex with its
two neighbours on the polygon, then the triangle is within the polygon. For a path P to be
optimal in a Euclidean path nding problem with polygonal obstacles, 8 p; 2 P except for source
and destination, p; must be a convex vertex [15, 52]. A vertex is a dead-end vertex if it never
occurs on an optimal path, unless it is the start or end of the path.

In this section, we categorise related works into four categories: grid-based path nding; any-
angle path nding; visibility graph-based path planning; and mesh-based path planning. Grid-
based path nding and any-angle path nding are designed for grid maps, which involve approxi-
mating the environment into a grid of cells. This can result in suboptimal and unrealistic paths.
On the other hand, visibility graph-based path planning and mesh-based path planning operate
in exact Euclidean space, allowing for a precise representation of the environment and nding
the shortest Euclidean path. For each category, we give an overview of existing works.

2.1.1 Grid-based Path nding

As mentioned earlier, a grid map is a simple way to represent a two-dimensional space, and the
model is commonly used in computer games and robotics. Creating a grid map is a two-step
process: (i) Discretise the area into a set of xed-resolution grids, (i) Mark each grid as either
blocked (if it overlaps with an obstacle) or unblocked (if it's traversable). Figure 2.1 shows
an example of creating a grid map, where the Euclidean plane (left) is discretised into a grid
map (right). Since each grid is either a block or unblocked cell, the entire grid map can be
represented as a Boolean array with linear space cost based on the number of cells. In grid-
based path nding, an agent is limited to moving only to the adjacent cells in a four-connected
grid map. Additionally, it can move diagonally in an eight-connected map. The problem
of nding the shortest grid path has been well-researched and can be e ciently solved using
various algorithms, many of which instantiate the A* search [17]. We give a brief explanation:

The A* algorithm is one of the most famous algorithms in path nding. This algorithm com-
bines the best of both Dijkstra's algorithm [53] and heuristics to determine the optimal path in
a grid map. In general, the A* algorithm contains three key components as follows:

" Search Nodes & Successors: A search node in the A* algorithm represents the current
node being searched. For each search node, the algorithm maintains: (i) g-value, a
cost-incurred value that represents the lowest cost from the source to the node, and (ii)
predecessor nodes, a reference to the parent node that allows easy extraction of the path.
The successors of a search node are the next set of nodes that can be reached from it. In
grid maps, the adjacent grid vertices are considered as the successors of the search node.
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(i) (ii)

Figure 2.1: An example of creating a grid map, where (i) shows the polygon-shaped obstacles
before converting to grid cells and (ii) shows the resultant grid map after discretisation. The
source (s) and destination (d) of a shortest path query are shown in red.

" Evaluation Function: The A* algorithm uses an evaluation function f to determine
the priority of search nodes. It is calculated as the sum ofg-value and h-value, where
the h-value is obtained from a heuristic function. Heuristics estimate the cost from the
current node to the destination and are important for the algorithm's e ciency. Simple
heuristics, such as Euclidean, Manhattan, and Octile, often appear as baselines in the
literature.

Open and Closed Lists: The A* algorithm uses two data structures to prioritise the
expansion of search nodes: thepen list and the closed list. The open list contains the
search nodes waiting to be expanded, prioritised by theirf -value, while the closed list
contains nodes that have already been expanded, avoiding repetition

The A* algorithm searches in a best- rst manner by expanding the node with the lowest
f -value from the open list. When generating successors, it Iters out successors already in
closed list and discards successors with higheg-value than the recorded minimum g-value for
each vertex. The rest of the successors become new search nodes, with updageaind f values,
and are added to theopen list. The search ends when theopen list is empty or the destination
is reached.

Many existing works enhance the A* algorithm from various perspectives. These include
enhanced heuristics, such as the di erential heuristic [54], which improves distance estimation
through the use of the triangle inequality, and the fast map heuristic [55], which calculates
a more accurate estimation by utilising a popular dimensionality reduction techniques from
machine learning. Additionally, there are symmetry breaking techniques like Jump Point Search
(JPS) [9, 56], which reduce the branching factors of the search by selectively expanding only a
distinguished set of "jump points" found by scanning ahead grid-based maps. There are also
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@ (i)

Figure 2.2: (i) shows a pair of h-reachable subgoalddand Ain a grid map, the dashed arrows
indicate the shortest octile distance paths fromHto A (i) shows an example of subgoal graph
considering the subgoals placed on convex vertices of obstacles.

many hierarchical path nding algorithms [52, 57] that speed up the A* search by limiting the
search to only traverse between di erent levels of hierarchies.

2.1.2 Any-angle Path nding

Typically, grid-based path nding results in suboptimal and unrealistic paths as movements are
only allowed in certain directions (i.e., horizontal and vertical in a four-connected grid, or in
addition diagonal movement in an eight-connected grid). Although the path nding process still
takes place on a grid map, any-angle path nding avoids this restriction by allowing movement
in any direction and, consequently, nds paths that are substantially shorter.

The state-of-the-art any-angle path nder, ANYA [58], is a fast and online path nding algo-
rithm that nds the optimal any-angle path. Anya is an interval-based searching algorithm that
instantiates A*. It scans the grid row by row and nds an optimal path by expanding the most
promising intervals in the open list. Later on, ANYA has also been extended to Polyanya in
order to nd the shortest path in Euclidean space, we explain the detail of Polyanya in later of
Section 2.1.4. Apart from the optimal algorithm Anya, there is also a range of algorithms that
nd suboptimal any-angle paths.

The N-level subgoal graph [59] is a state-of-the-art suboptimal any-angle algorithm. The
subgoal graph [52] is constructed by placing subgoals on the convex corners of obstacles. Instead
of connecting each pair of subgoals that are visible to each other, the subgoal graph only connects
a small subset of subgoals that aredirect-h-reachable Two subgoals areh-reachableif there
exists a traversal path equal to the octile distance between them, and they ardirect-h-reachable
i all shortest trajectories (octile distance paths) are traversable with no subgoals between them.
Figure 2.2 (i) shows an example where the subgoah and H are h-reachable but not directly
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h-reachableas there are other subgoals present in between (e.dp and E). Figure 2.2 (ii) shows

a complete subgoal graph on the same grid map. The subgoal graph was originally designed
to determine the optimal grid path, therefore only directly h-reachable edges are added to the
graph to guarantee that each edge represents a unique grid path. However, eadirectly h-
reachableedge between two subgoals also ensures that they are co-visible, making the subgoal
graph also suitable for any-angle path nding.

The N-level subgoal graph builds, on top of this simple subgoal graph, a hierarchy that
is similar to a contraction hierarchy [22]. Searching in the N-level subgoal graph only requires
connecting the source and destination to the corresponding direch-reachable subgoals, and then
identifying the reachable subgoals from the source to the destination through the ascending edges
(edges from a subgoal to its higher-level subgoals). Using the graph consisting of hierarchies of
subgoals, one can simply apply an A* algorithm to nd a path quickly, or alternatively apply
the any angle Theta* [60] algorithm to search for a path with better path quality as the edges
in this graph may be non-taut. Other way of improving path quality is to consider the 2% grid
neighbours [12], where the path quality can be controlled using the value ok.

The N-level subgoal graph outperforms a range of A*-like suboptimal algorithms for any-angle
path nding, such as: Theta* [60] which improves the path quality by performing a line-of-sight
check when expanding a search node; Field A* [11] which generalises the ideas from Field D* [61],
allowing a straight-line trajectory from a search node to any of vertices on the boundary of its
adjacent grids, and updatesg-value by using linear interpolation; and Block A* [10] which
performs a blocks-based A* search with local distance database, an auxiliary data structure
that partitions the grid map into m n equal size of blocks and stores the distance of optimal
paths between any two boundary vertices inside each block.

2.1.3 Visibility Graphs

A Visibility Graph (VG) [62] is constructed by connecting any pairs of co-visible vertices ap-
pearing on the corners of the obstacles. In contrast to approaches that discretise the obstacles
using a grid, the visibility graph allows obstacles to be precisely represented in Euclidean space.
Hence, it nds the Euclidean optimal path precisely (which is guaranteed to be equal to or
shorter than the any-angle path on grid maps). Search in a visibility graph only requires con-
necting the source and destination to their set of visible vertices before an A* algorithm can
be applied to nd the Euclidean optimal path. However, the visibility graph su ers from two
major issues: (i) it requires high memory consumption because, in the worst case, the size of
the graph is quadratic in the number of corners of the obstacles; and (ii) branching factors of
nodes in the graph are high and, consequently, the search is unlikely to be e cient.
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0 (ii)

Figure 2.3: (i) shows an example of non-turn edgesAK the shaded regions indicate the
potential locations of turning edges relative to Aand K; (ii) shows an example of sparse visibility
considering the convex vertices (coloured in green) of obstacles.

Sparse Visibility Graphs (SVG) [15] focus on addressing the above-mentioned two major issues
and improve over the original visibility graph by removing unnecessary edges (i.e., a non-turn
edgeey,,, where the angle fromv; to v; does not allow turning around the polygon de ning
vertex vj) and non-convex vertices. Figure 2.3 shows an example of building a sparse visibility
graph for the convex vertices of the obstacles. Speci cally, Figure 2.3 (i) shows the turning
region (i.e., shaded area) ofA and K, where the edges must be located in order to turn around
the obstacles. The non-turn edgeAKthat is not within the turning region is pruned. The
complete sparse visibility graph is shown in Figure 2.3 (ii). As evident in this toy example,
sparse visibility signi cantly reduces the branching factor on graph nodes, which allows the
graph to t into the memory even for large maps. Due to the smaller size of the graph, the
search is also more e cient. Edge N-Level Sparse Visibility Graphs (ENLSVG) [15] build a
hierarchy by iteratively removing the non-taut paths. Such a hierarchy partitions the SVG into
multiple levels where, in each level, edges only have taut neighbouring paths to the edges in the
higher levels. ENLSVG restricts the search to only consider the edges that increase the levels
from both ends. This results in searching in a smaller taut-path graph, which improves the
performance further.

2.1.4 Mesh-based Planners

Mesh-based planners work by preprocessing the non-obstacle regions of the map into a set of
convex polygons, called anavigation mesh In Figure. 2.4, black polygons are obstacles whereas
green/white polygons correspond to a navigation mesh. Popular with game developers [63],
navigation meshes have several attractive properties: they are easy to compute [64], are cheap
to store and update, and guarantee representational completeness (i.e., every traversable point
appears in the mesh). Mesh-based path planner combines the strengths of any-angle path nding
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Figure 2.4: Node expansion in Polyanya. When the current node (DK],s) is expanded,
it generates the observable successors,L],s), and ([L,K],s); and non-observable successors

([0'.4.D. ([GA.D, ([AB.D . ((B4.D, and ([CO.D.

and visibility graph to nd the Euclidean shortest path precisely. The state-of-art algorithm is
Polyanya [14], a fast, online, and optimal path nding algorithm that extends and generalises
Anya. Next, we present the details:

Polyanya search instantiates A* search [17] but on a navigation mesh. The algorithm can
therefore be described in the same general way: there exist search nodes which generate suc-
cessors and these are expanded in the best rst order according to some admissible heuristic
function. Polyanya di ers from A* only in the domain-speci c model used for each of these
components. We sketch the details below (see Figure 2.4).

" Search nodes: A search node is a tuple of the form (;r) where r is a distinguished
vertex called the root and | is a contiguous interval of points from an edge of the mesh
with every point p 2 | being visible fromr. The model can be understood as follows: the
root r corresponds to the last turning point on the path and | represents all the possible
taut continuations of the path, on the way to the destination. The source point s is a
special case and de ned asl(= [s];r = s). In the example of Figure 2.4, (D K];s) is a
search node where the root is and the contiguous interval visible from s is [D K.

Successors: The successors of node {r ) are generated by \pushing" the interval | away
from r and across the face of an adjacent traversable polygon. There are two types of
successorsobservableand non-observable A successor [%r) is observable if each point
p®2 19is visible from r. By contrast, a successor (3r°6 r) is said to be non-observable
if each point p°2 19%is not visible from r. Note that observable successors share the same
root as the parent. For non-observable successors, the roof is one of the two endpoints
of the parent interval | . Figure 2.4 shows the successors for noddX[K]; s) in green. Since
the edge [; K] is visible from the root s, it is an observable successor and has the same
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root, i.e., the successor node is [ K]; s). In contrast, the edge [Q A] is not entirely visible
from the root s and it is a non-observable successor with rooD, i.e., the successor node

is ((QAl; D. The destination is a special case and can be generated as soon as the search
reaches its containing polygon.

Evaluation Function: To prioritise a node n = (' s;r) for expansion, Polyanya instanti-

ates the f -value function: f (n) = g(n) + h(n): Here g(n) is the cost of the optimal path

from the source nodes to the root r. The function h is an admissible lower bound and
indicates the cost fromr, via some pointp 2 |, to the destination d. The estimate requires
only simple geometry. Consider for example the node = ([ Q Al; D from Figure 2.4. The

g-value (shown in red) is the shortest distance frons to the root D. The h-value (shown in

blue) is the minimum Euclidean distance from Dto d that passes through the edge A,

i.e., h=edD O+ edQd), where ed() is the Euclidean straight line distance. See [14] for
more details.

Polyanya terminates when the destination is expanded or when thepen list becomes empty.
It outperforms a range of path nding algorithms that work on Constrained Delaunay Triangu-
lation [65] (CDT), a type of navigation mesh where the non-obstacle regions are modelled as
triangles. We discuss a number of these methods below:

Channel search [66] nds the shortest channel between the source and destination from the
CDT by using a modi ed A* algorithm. The search begins from the triangle that contains the
source, and always considers the midpoint of the non-constrained edges as neighbours to expand
the search nodes. The search terminates when it reaches the destination and applies the funnel
algorithm [67] to retrieve a local optimal path within the channel. Channel search is fast and
easy to implement, but can return suboptimal paths. Triangulation A* (TA*) [68] works in
a way similar to the channel search. However, instead of terminating the search immediately,
TA* takes the cost of the best path found so far as an upper bound. It continuously explores
the most promising channel and updates the upper bound. TA* terminates when either the
search is exhausted or the lower bound (i.e.f -value) of the search becomes greater than this
upper bound. Thus, it guarantees nding the Euclidean optimal path for any given source and
destination. Triangulation Reduction A* (TRA*) [68] enhances TA* by preprocessing the CDT
into an abstract graph which is small, but allows the search to nd the most promising channel
quickly. Note that both TA* and TRA* are any-time algorithms since these algorithms can
return suboptimal paths encountered during the search.
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2.2 Path nding in Road Network

In road networks, the path nding problem asks us to nd point-to-point traversable paths
within a represented graph of the network. Let us assume the road network is static where
each edge has a constant weight. Any two vertices in the graph can be a potential source
and destination d, and the objective is to nd the shortest path traversing from s to d while
minimising the sum of edge weights. Formally, letG = (V; E;w) be a (directed or undirected)
graph, with vertices V, edgese V.V andW :E ! R* a weight function that maps each
edgee 2 E to a non-negative weightw(e), e.g., travel time or distance etc. A path P from s

evv,, 2 E;O0 i<k. The length of the pathis jPj = !‘:01 w(Vi;Vi+1) and sd(s; d) denotes
the length of the shortest path, from s to d in G.

In this section, we rst review the literature of path nding in a static road network. Specif-
ically, we categorise the existing work into three categories: goal-directed enhancements; hier-
archical searches and oracle-based algorithms. Goal-directed and hierarchical approaches are
search-based algorithms that typically rely on a search process to complete the path nding
tasks, whereas the oracle-based approach only requires extraction of the path from the oracle
during the query phase. Furthermore, we also consider the time-dependent road network, an
extension of the static road network that allows for more reliable route planning, and explain
how to extend algorithms accordingly. In this literature review, we focus on the algorithms that
nd the optimal (i.e., shortest) path. For a static road network, we will assume G is undirected.
However, most of the technigues introduced can be trivially extended to directed graphs.

2.2.1 Goal-directed Enhancements

In a static road network, many graph search algorithms can be utilised to nd the shortest
path. Beginning with the development of the Dijkstra algorithm [53], which iteratively expands
search nodes with the lowest cost until the shortest paths from a single source vertex to all
other vertices are found. To better nd the shortest path between a pair of vertices, the A*
algorithm [17] improves upon Dijkstra's algorithm by incorporating a heuristic function using
Euclidean estimation. The bidirectional Dijkstra search [18] extends the Dijkstra algorithm by
searching simultaneously from the source and the destination. Although these graph search
algorithms are online and nd the shortest path, they often run slowly and require a signi cant
amount of query time due to the large search space of the road network. One way to over-
come this drawback is to precompute information from the input graph, in order to speed up
the search during the query phase. Next, we explain two popular goal-directed speed-up tech-
nigues, landmarks and arc ags, which direct the search toward the destination by preferring
or eliminating edges based on preprocessing data.
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Figure 2.5: We show the result of contracting E (resp. H) in purple (resp. red). Dashed edges
indicate shortcut edges.

Ordering G D A C J E H F B I
sd(J; ) 4 5 6 1 0 2 1 2 5 2
sd(A ) 2 1 0 7 6 4 7 8 11 8
sd(B; ) 9 10 11 6 5 7 4 4 0 3

Table 2.1:  Arrays of costs for verticesJ, Aand B shown in Figure 2.5

Landmarks [16] is a method for generating admissible estimates in the shortest path search.
For each landmark | 2 L, the algorithm computes an array during the preprocessing phase
that records the optimal distance to every other vertex. The arrays of costs are exploited to
lower-bound the true distance, from any vertexv; to any other vertex v;:

landmark (vi;v;) = max fj sd(vi;1) sd(v;;1)jj12Lg (2.1)

Table 2.1 shows arrays of costs for three landmarks], Aand B, where the lower-bound distance
from Gto Fis maxfj4 2j;j2 8j;j9 4jg=6 (i.e., the true distance). The e ectiveness of the
lower bound depends on the distribution of landmarks, which are often selected on the borders
of the graph following the same procedure explained in [54]. Landmarks have been e ectively
integrated with well-known algorithms such as A* (known as ALT [16]), the early hierarchical
approach Reach (known as REAL [69]), the highway hierarchies (known as HH* [70]), and the
Core-based routing (known as CALT [71]). Another approach to generate heuristic estimation is
called Precomputed Cluster Distance [72] (PCD) which generates a lower-bound estimation by
precomputing the optimal distance between all pairs of clusters that partition the input graph.
Compared to landmarks, applying PCD does not result in improved query time in practice, but
reduces memory cost when the number of clusters is small.

Arc ags [20, 21] is an edge labelling approach that speeds up the shortest path search in a
static road network. During preprocessing, the input graph is divided into k cells with roughly
the same number of vertices, and each edge is labelled with kebit Boolean vector, where the
i-th bit indicates whether the arc lies on the shortest path to some vertices of tha-th cell. The
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precomputed arc ags allow the search algorithm to eliminate edges not in the shortest path to
the destination cell, thereby reducing the search space. Similar to landmarks, Bauer et al. [71]
have demonstrated that arc ags can be integrated with several e cient path nding algorithms,
such as ReachFlags (based on Reach [24]), CHASE (based on Contraction Hierarchies [22]), and
TNRAF (based on Transit Node Routing [73]). Additionally, SHARC [74] is another successful
adaptation of highway hierarchies [23] and arc ags.

2.2.2 Hierarchical Searches

Another family of successful algorithms are hierarchical approaches, which exploit the hierarchi-
cal nature of the real-world transportation network. The basis of hierarchical approaches comes
from the observation that when travelling between two distant locations, the fastest route always
involves transitioning from local roads into highways (i.e., the less important roads merge into
more important roads). Reach [24] was the rst algorithm that formalise this idea by identifying
"important” vertices using a reach score. This score function can also serve as a lower bound
to eliminate unimportant vertices during the search phase. Subsequently, Goldberg et al. [69]
introduced the concept of shortcuts (i.e., a single edge represents the path of multiple vertices)
to lower the reach score and enhance the pruning of nodes during the search. The idea of short-
cuts has since become a fundamental component in other hierarchical approaches. Highway
hierarchies [23] take the concept of shortcuts and construck-level hierarchies, with each level
being a highway representation of the lower-level graph. This allows the search algorithm to
concentrate only on the important higher-level parts of the network during the middle of the
route. Later on, this idea has been generalised into the simpler, faster, and widely used hierar-
chical approach known as contraction hierarchies [22]. Next, we give a detailed description of
the algorithm.

A Contraction Hierarchy (CH) is an augmented multi-level graph that can be exploited to
speed up path nding search. Building a CH is a simple process requiring only the repeated
application of a contraction operation to the vertices of the input graph G. In broad strokes:

1. Apply a total lex order L to the vertices of G.
2. W.r.t. L, choose the least vertexv from the graph that has not been previously selected.

3. (Contraction) Add to G a shortcut edge e, between each pair of in-neighbour u and
out-neighbour w of v for which: (i) u and w are both lexically larger than v; and (ii) the
shortest path from u to w passes throughv. To reduce the number of shortcuts added
in G, the subpath hu; v; wi should be both unique and optimal. Fewer shortcuts improve
query performance but verifying local optimality requires additional pre-processing time.
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The step 2-3 repeat until every vertexv 2 V has been contracted. Note that the num-
ber of shortcuts of CH depends on the lex ordei.. However, computing an optimal order
that minimises the number of shortcuts is NP-hard [75]. Among the many heuristic orders,
Nested Dissection orders (ND-orders), is the most popular and e cient as suggested in [76].
Figure 2.5 shows an example of contraction hierarchies, where we contract a toy graph in al-
phabetical lex order. Note how shortcut edges (dashed) can connect source and destination
faster than would otherwise be possible. Without shortcuts, the optimal path from Ato B has
7 edges:P A D, GE J;H1;Bi. An equivalent-cost path, with shortcuts, traverses only ve edges:
PADGJ;1;B.

A core idea of contraction hierarchies is that shortcut edges can bypass one or more inter-
mediate vertices in a single step. However, for each shortcut edgeuw and each intermediate
vertex v we havef (v) f(w); i.e., given a monotonically increasing cost functionf , a simple
best- rst search will usually expand v beforew in order to compute an optimal path. To achieve
a speedup, authors in [22] divide the set of edgels into two as follows:

" E-=few2Eju<_ vg
(i.e., the set of all \up" edges); and

~

Ex=feyw 2 Eju>_ vg
(i.e., the set of all \down" edges).

The following results, paraphrased here, are due to [22].

Lemma 2.1. (ch-path) : For every optimal path sp(s;d) in E, there is a cost equivalent ch-path
whose pre x I's;:::ki is found in E- and whose sux hk:::di is found in Eg. Ol

Corollary 2.2. (apex vertex) : Every ch-path has a vertexk which is lexically largest among
all vertices on the path. O

Following Lemma 2.1, a natural decomposition of the shortest path problem in a contraction

the total distance. BCH is a variation on the bidirectional Dijkstra search that was developed
speci cally for solving such problems.

In the forward direction, BCH considers only the outgoing edges inE-. In the reverse di-
rection, BCH considers only the incoming edges irE4.* Each meeting point of the two search
frontiers corresponds to a tentative shortest path. Unlike standard bidirectional Dijkstra search,
which can be terminated as soon as the sum of the minimuni -values on open lists for both

1Other edges from E, such as incoming up-edges and outgoing down-edges are safely discarded by BCH to
save space.
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Figure 2.6: From the source vertexG the optimal rst move to any vertex coloured red (resp.
purple) is D(resp. E).

directions is no less than the length of the best candidate path, BCH continues until it can prove
the meeting point k minimises the total distance betweens and d, i.e., BCH stops when the
minimum f -value on both open lists are at least as large as the best candidate path found so far
(or when both lists are empty, if there is no such path). Finally, BCH unpacks the ch-path and
returns the shortest path sp(s; d). Though simple, BCH remains state of the art for path nding

on road networks with millions of vertices [77].

In addition to the contraction hierarchy, the arterial hierarchy [78] improves the worst-case
complexity of the query time for CH, though the improvement is not signi cant in practice. Core-
based routing [71], on the other hand, focuses on reducing the space complexity by computing
an overlapped core graph that retains only the shortcuts of contracting unimportant vertices.
The goal-directed enhancements, such as landmarks or arc ags, are then computed on this
core graph to speed up the search when it is restricted to the core graph. Similarly, the transit
node routing [73] involves the selection of a subset of transit nodes from the graph and the
precomputation of pairwise distances between these transit nodes. While connecting the source
and destination to transit nodes enables us to e ciently compute the shortest distance, this
approach falls short when it comes to retrieving the complete shortest path.

2.2.3 Oracle-based Algorithms

Preprocessing the input graph can indeed improve the query performance of search-based algo-
rithms, however, these algorithms are still limited by the search process in nding the optimal
path, causing a bottleneck in performance. Oracle-based approaches are another family of algo-
rithms that forgo conventional state-space search and instead extract the shortest paths using
precomputed data. Although oracle-based methods provide ultra-fast answers to the shortest
path queries, they typically require a substantial amount of preprocessing time and memory
to build and store such an oracle. Next, we give an overview of state-of-the-art oracle-based
algorithms.
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Orderng | G | D A | Cc | 3 E H F B | |
G * D D E E E E E E E
J E E E C * E H H H H
| H H H H H H H H B *

Table 2.2: First moves for G J and | for the example of Figure 2.6

Compressed Path Databases (CPD) [26] are auxiliary data structures that encode and com-
press the rst move (equivalently rst arc) on the optimal path from each vertex s 2 V to
every other vertexd 2 V. Given a weighted graphG (i.e., an example is shown in Figure 2.6),
CPDs are constructed o ine using one complete Dijkstra search for each source vertes 2 V.
The worst-case complexity is thereforeO(jVjjEj + jVj2logjVj). However, each Dijkstra search
can be executed in parallel with a potential speedup depending on the number of processors
available on the machine.

~ First-Move Tables: With only a small modi cation to the basic Dijkstra algorithm
(speci cally, for each vertex, we maintain the rst outgoing arc on the optimal path from
s to this vertex), we compute for each source vertexs 2 V, a rst move table where
fm (s; d) returns a symbol that tells which of the outgoing arcs ofs appear on an optimal
path, from s to any d 2 V. Table 2.2 shows all rst moves for source verticesg J and |
in Figure 2.6. Note that eachfm (s;s) is assigned a wildcard symbol [79] \*" (i.e., \don't
care" symbols) as we never need to look up a move from to itself.

Compression: The CPD compresses rst-move tables using run-length encoding (RLE)
[27]. RLE compresses a string of symbols into representative sub-strings, calledins.
Each run has two values: a start index and a rst-move symbol. E.g., the stringC C

C D D D can be compactly represented as two runs: @ 4D. In addition to that, the
wildcard symbol \*" is allowed to be compressed with any other preceding or subsequent
symbol. For example, row Gin Table 2.2 can be compressed into just two runs: I 5E
The e ectiveness of RLE compression is dependent on the way the candidate vertices are
ordered. Following the suggestion in [80], we use a Depth-First-Search (DFS) ordering of
vertices. Speci cally, we run a DFS on a randomly selected vertex and the DFS ordering
corresponds to the order in which these vertices are accessed by the DFS. This ordering
tends to order the vertices that have the same symbol closer to each other which helps
with compression. In Table 2.2, the order of the columns is a DFS visit order in Figure 2.6
starting from vertex G

Path Extraction: CPDs can e ciently retrieve optimal paths for any given source-
destination pair within the graph. We denote the function fm (s; d) which extracts from
the database a rst-move symbol, fromsto d. Each extraction operation fm (s; d) requires
a binary search on the RLE-encoded rst-move table ofs to nd the rst-move symbol
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Odering | G | D | A | C | J | E | H | F | B | |
G * G D J E G J H I H
J E G D J * J J H I H
I E G D J H J | H | *

Table 2.3: Reverse First moves forG J and | for the example of Figure 2.6

to reach d, which runs in O(logn) where n is the number of symbols in it [27]. Once a
rst move is extracted, it can be followed to reach a new location. The entire path nding
process can thus be implemented in a simple recursion: we extract and follow optimal
moves until the destination is reached.

Reversed Path Databases (RPD) [25] is another variation of CPD. While a CPD stores rst
moves, in an RPD, for eachs 2 V, a reverse rowRR(S) is computed which stores, for every
d 2 V, the last move on the shortest path froms to d (i.e., the rst vertex on the reversed
path from d to s). Table 2.3 shows all reverse rst moves for source vertice& J and | in
Figure 2.6. Unlike CPD, the compression onRR(S) is not e ective. Therefore, RPDs are not
compressed. This allows accessing the rst move i©(1). The shortest path from s to d can be
e ciently obtained by recursively obtaining the fm (s; d) using RR(d), i.e., the shortest path can
be extracted using a single row. Note that constructing each reverse row involves conducting a
Dijkstra search while taking into account incoming edges of the static road network, they can
also be computed in parallel with a speedup linear in the number of processors.

Hub Labelling (HL) [81] is the state-of-the-art approach for computing the shortest distance
in road networks. During the preprocessing, hub labelling computes and stores a set of hub
labels H (vj) for each vertexv; 2 V. Each hub label is a tuple (;; sdj) 2 H (v;) which contains:
(i) a hub vertex h; 2 V; and (ii) the short distance sdj between hub vertexh; and v;; The
critical importance is to ensure that the hub labels computed satisfy the coverage property, i.e.,
for every pair of reachable verticesy; 2 V and vy 2 V, there must exist a hub vertex h; in both
H (vj) and H (vk), such that h; on the shortest path betweenv; to vi. To achieve this, the HL
algorithm repeatedly performs a pruned Dijkstra search on the vertices in graphG following a
given lex orderL. In each iteration, the pruned Dijkstra search starts from vertex v;, traversing
the road network as a standard Dijkstra search. However, when reaching vertexy, the search
node is pruned if there is a common hub vertexh; in both H(v;) and H(vk) such that the
tentative distance g(vj;vk) sdj + sdix. Otherwise, the search continues, and the hub label
(vj;sd(vj; vk)) is added to the label set of vertexvy. Note that, computing the smallest hub
labelling while ensuring the coverage property is NP-hard [82]. Therefore, heuristic approaches
are often used to compute hub labelling. Given the hub labels computed on an input grapl@,
the shortest distance between any a pair of ¢; d) can be computed as:
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Vertex | J | I | H | G | F | E | D | C | B | A
fJ,og | fJ,2g | fJ1g | fJ4g | fJ,29 | fJ,2g9 | fJ,5g | fJ,1g | fJ,59 | fJ,60
Labels fl,og | fl,1g | fGOg | fl,2g | fG2g | fGlg fl,2g | fG2g
fHOg fHI1g fD0g fF4g | fDIg
fF,0g
Table 2.4;: Hub labeling for the graph in Figure 2.6
sd(s;d)y= argmin (sdis + sdi) (2.2)
hi2H (s)\ H (d)
Computing Shortest Distance. Hub labelling sort labels of each vertex based on the hub

vertices, the shortest distance betweers and d can be calculated by scanning over (similar to
the merge phase in sort-merge join) the sorted label set (s) and H (d), using the equation in
Equation 2.2. The complexity is O(jH (s)j+ jH (d)j), where jH (s)j denotes the number of labels in
H (s). Table 2.4 shows hub labels for the graph in Figure 2.6. To computad(A; B), the hub labels
of Aand B are scanned and the common hub verticed is found. Thus sd(B;J)+ sd(A/ J)=5+6
is returned.

Computing Shortest Path. To enable computing the shortest paths, during the hub
labelling computation, an additional successor vertices are stored in the labels. i.e.h(; sd; ;sj )
wheresj; is the rst vertex on the shortest path from v; to h;. To nd the shortest path between
s and d, HL rst computes the shortest distance using Equation 2.2 to nd the common hub
vertex h;. Then, it retrieves the shortest path from s to h; by recursively following the successor
vertex sis stored in the labels j; sdis; Sis). The shortest path from d to h; is retrieved similarly.
Note that each retrieval of the next successor vertex requires a linear scan over the label set of
current successorsis. The complexity of this approach isO(N  SP), where N is the average
label size of each vertex andSP is the length of the shortest path.

Pruned Highway Labelling (PHL) [83] is another popular and e cient approach for hub
labelling. Unlike traditional methods that maintain vertices as hubs, PHL uses highways (i.e.,
path segments) as hubs and stores the distances to them. These highways are derived from
the shortest paths in the input graph and are identi ed by using the speed information (i.e.,
distance divided by travel time) of the road network. However, PHL has two major restrictions:
(i) the input graph must be an undirected graph; (ii) the input graph must contain distance and
travel data. Recall that the HL is constructed based on the lex order of vertices. Signi cant
path based Hub Pushing (SHP) [84] generalises the idea of PHL by using a heuristic approach
for ordering vertices when constructing the HL. Similar to a highway, the shortest path is a
\signi cant path" if it passes by many other shortest paths. To e ciently select vertices on
\signi cant paths" as hubs, SHP ranks the vertices by multiplying the vertex degree and the
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size di erence of its descendants. Though simple, SHP remains the state-of-art ordering scheme
for HL techniques [84] and improves PHL by avoiding these restrictions.

2.2.4 Time-Dependent Scenarios

The time-dependent road network extends the static road network by considering the time-
varying factors that impact road transportation, such as tra ¢ congestion, road closures etc.
Unlike the static road network, the time-dependent road network uses a piecewise-linear function
to model the changing travel times of each edge, allowing for a more accurate representation of
road conditions. Given a source §), destination (d) and departure time (t), the actual travel
time of each edge depending on its corresponding arrival time, the path nding queries nd the
fastest path traversing from s to d at departure time t. We formalise the time-dependent road
network as follows:

Let G=(V;E;F,;T) be a directed graph, with verticesV, edgest V V andf 2 F maps
each edgee 2 E to a Travel Time Function (TTF) which returns the non-negative travel time
f (t) needed to travel through the edgee for a given specic start time t in the time domain
T. Each directed edgee,,,;, 2 E with its corresponding TTF f,,,, represents the edge that
connects vertexv; to v;j. In a road network, we naturally assume that the network G satis es
the FIFO property (i.e., fyy (t9 + t° fuy () + t ] 8e,y, 2 E and 8t°>1t 2 T), that is
departing later or waiting at an intermediate vertex cannot result in arriving earlier. Similar to
many existing works [32, 85], we model the TTF as a continuous piece-wise linear function with
the time domain of 24 hours. Figure 2.7 shows an example of a time-dependent network. For
exposition only, we assume the graplG is undirected and only the edges that are shown in red
have non-constant TTF with T =[0;180). Next, we explain some of the important operations
of TTF:

" Evaluation of f (t) 2 F normally requires a binary search over the sorted array of inter-
polate points, and runs in O(log(jf j)) where jf j denotes the number of interpolate points
of f . However, we use the bucket-implementation [85], which evaluate§(t) by scanning
only the interpolate points inside the bucket corresponding tot.

Chaining computes the TTF of a path ey, ! &y, asfyy (t) = fy v (t+ fyy (1)
We usefy,y, = f\,i\,j f\,j v, 1o denote the chaining. Since chaining two piece-wise linear
functions can only result in a piece-wise linear function, the operation can be computed
in linear time (i.e., O(jfy,y;j + jfy,vJ) ). The resultant function f,,, has the number of
interpolate points jfy,v,j j fvy i+ jfy v with the lower bound min (fy,y,) min(fyy )+

min (fy, v, )-
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Figure 2.7: An example of an undirected time-dependent graph. TTFs of the red edges are
shown below the graph, and the travel cost of the other edges are constant.

"~ Merging minimises the TTst\S’i\,j andf\?i?,j on two parallel edges ok, while preserving
all the shortest paths in G. The operation fy,,, = min (f), ;%) is de ned asfy,y, (t) =
minff\?iVj (t);f99, (t)g j 8t 2 T. Similar to chaining, this operation also runs in O(jf\E’ivj j+
jfo%, i) and results in a piece-wise linear TTF.

wherek 2 N*,vo = s, v = d,and ey,y,,, 2 E forO i<k . Inatime-dependent road network,
the length (travel cost) of path  jPj depends on the departure timet 2 T and jPj = fy,y, (1),
wherefyoy, (1) = fvovs fuiv, it fy, v . Given a departure timet 2 T, sp(s; d;t) denotes the
shortest path from s to d.

2.2.4.1 Adapting Algorithms for Time-Dependent Road Networks

In a time-dependent road network, we assume the networkG satis es the FIFO property.
Therefore, algorithms such as Dijkstra and A* can be applied directly, with the main di erence
being the evaluation of the travel time function during generating the successors. Among the
limited existing research, Nannicini et al. [29] extend the bidirectional A* search with landmarks
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Figure 2.8: From the source vertexH the rst move on the optimal path to any node are A
(red), Eorange) and F (purple).

Ordering | H|A|F|J|I |B|G|D|C|E Ordering | H{|A|F|[J |1 |B|G|D|C|E

H *'A|F|F|F|IF|F|F|F|E H HIHHFJ|GDIJ|J|H

A H{* HH H H H/H HH A Al/A/H/F|J|G|D|J|J|H

J FIF|F|*|I |[D/DIDIC|E J FIH|J|J|J|G|D|J|J|J
(i): First Move Table (ii): Reverse First Move Table

Table 2.5: (i) First moves and (ii) Reverse rst moves for H A and J for the example of
Figure 2.8

to time-dependent scenarios (extending landmarks will be discussed later on). Delling and
Nannicini [30] extend the core-based routing by introducing the idea of contracting edges with
travel time functions. In addition, Delling [31] extends SHARC, a combination of highway
hierarchies and arc ags, to time-dependent scenarios. However, in this case, the arc ags are
calculated to indicate whether an edge appears on the fastest path at any time within the
domain T. Next, we provide the details of algorithms that are highly relevant to our research:

Landmarks [28] have also been extended to generate the admissible heuristic in a time-
dependent road network. Unlike static road networks, a time-dependent graph is a directed
graph with changing travel time, therefore, this requires slight modi cations: (i) For each land-
mark | 2 L, we use the minimum travel time of each edge to compute an array that records a
pair (sd(l;v);sd(v; 1)) on eachv 2 V, where sd(l; v) denotes the shortest travel time from| to
v. (i) The array of tuples is exploited to be the lower bound of sp(v;; v;;t) for 8t 2 T, from any
vi to any v;:

Iandmark(vi;vj)=rr|1§\|z(fmax(sd(vi;l) sd(vj;1);sd(l;vy)  sd(l;vi))g (2.3)

The shortest travel time pairs in (i) are stored to support the directed graph. The minimum
travel time is considered to lower-bound the actual travel time of each edge, leading to equa-
tion 2.3 based on the triangle inequality. Similar to the static road network, the landmarks are
selected on the border of the graph to provide a stronger estimation.
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Path databases heuristics [48] are another state-of-the-art method that extends the path
oracles to generate admissible heuristics in dynamic environment settings. Similarly, given a
time-dependent graph G, we consider the minimal travel time on each edge of5 and build a
CPD or RPD following the same procedure as explained in section 2.2.3. Letpd(s;d) denote
the optimal path extracted from the CPD between s and d. Then, this path must be no larger
than the shortest travel time paths on G (i.e., jcpd(s;d)j jsp(s; d;t)j for 8(s;d) 2 G and
8t 2 T). Therefore, the rst-move oracle de nes an admissible heuristic. Figure 2.8 shows an
example, where we construct a CPD (resp. RPD) on a graph with minimal edge weight shown
in Figure 2.7 (i) (resp. Figure 2.7 (ii)). The shortest path extracted from CPD between Hto J is
a valid lower bound, i.e., ( jepdH J)j =20) (f jsp(HJ;t)jj8t 2 Tg=[30,40]), similarly for
RPD. Note that, when a path database is used as a heuristic, it needs to continuously extract
the path cpd(s; d) at each node expansion of. Therefore, a caching strategy is often applied to
cache the distance from every intermediate vertexs to d during the path extraction of cpd(s; d).
This strategy helps avoid repetitive rst-move extraction.

Time-dependent Contraction Hierarchies (TCH) [32, 85] extends the Contraction Hierarchies
to nd the fastest path in a time-dependent road network. While many of the concepts are
similar, we provide a complete explanation of TCH for the sake of comprehensiveness. Given
a graph G, a TCH can be built by repeatedly applying a contraction operation tov 2 V. In
broad strokes:

1. Apply a total lex order L to the vertices V of G.
2. W.rt. L, choose the least vertexv 2 V that has not been previously contracted.

3. (Contraction) Add to G a shortcut edgee,,, betweeneach pair of in-neighbour u and out-
neighbour w of v for which: 1) the lex order u and w are larger than v; and 2) hu;v; wi
is the shortest path betweenu and w at some timein T. When adding the shortcut edge
euw, the TTF is computed as fyw = fuv fvw. However, the parallel edges can exist,
and in this case, we merge existing TTFf SW asfyy = min(f Swifuv fuvw) and maintain
a middle vertex pro le to track the intermediate vertex for the corresponding interval in
TTF.

Fewer shortcuts improve query performance, but computing a lex ordel. that minimises the
number of shortcuts is NP-hard [75]. Thus, a heuristic order is suggested in [85]. Note that the
contraction operation requires verifying local optimality and can be costly in time-dependent
scenarios, therefore the steps 2-3 are parallelised. For more details of the parallelisation, we
refer the reader to the paper [85]. Consider Figure 2.9 as an example, where we contract the
time-dependent graph shown in Figure 2.7 in alphabetical lex order. The TTF of the shortcut
edge ey; is computed asfy; = min(fue feyfur fr) and the corresponding middle vertex
prole is f(0;E); (40; F); (80; E) g which indicates the middle vertices areE, F and E for the time
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Figure 2.9:  We show the result for contracting verticesE and Fin purple, and Din red. Dashed
edges are the shortcut edges and their corresponding TTFs are shown in the gure below.

period [0; 40),[40, 80) and [8Q 180), respectively. Also note, without shortcut edges (dashed),
the optimal path from Ato Bat time 150 has 6 edgeshA H E J; D, G Bi. However, with shortcut
edges, we traverse only four edgedA H J;GBi.

Recall that TCH adds a shortcut edge ey, i both u and w are lexically larger than the
intermediate vertex v, and ey, is optimal and equivalent to the path hu;v;wi. Therefore, for
every pair of edges €,v; evww), there must exist a cost equivalentup edgeeyy " (i.e, U < w) or
down edgee,y # (i.e, u > w), if hu;v;wi is sp(u;w;t) for t 2 T. Thus, we have the following:

Lemma 2.3. (tch-path) : For every optimal path sp(s;d;t) in G, there is a cost equivalent
tch-path hs;:::k:::di whose pre x bs;:::ki is an up path (i.e., s <, s+1 <_ k and sux
hk:::di is a down path (i.e.,k>_ k+1 > d) ]

Corollary 2.4. (apex vertex) : Every tch-path has a vertexk which is lexically largest among
all vertices on the path. O

The key idea of TCH is that the shortcut edges can bypass one or more intermediate vertices
in a single step. To achieve a speedup, authors in [85] develop the Bidirectional TCH search
(BTCH) to eciently nd the tch-path, following Lemma 2.3. To support the bidirectional
search, BTCH divides the set of edge€ into two as follows:
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E" = feuvz E]U<|_ Vg
(i.e., the set of all \up" edges); and

(i.e., the set of all \down" edges).

Given a source-destination pair §;d) and departure time t, the main challenge of the bidi-
rectional search is that the backward search is prohibitive in time-dependent scenarios (i.e., we
can not search backward without knowing the arrival time t%. Therefore, BTCH runs in two
phases:

(i) Bidirectional Search: In the forward direction, BTCH runs a time-dependent Dijkstra
search froms, considering only the outgoing edges inE-. Similar to the static graph, this
Dijkstra search di ers mainly in that it considers the TTFs when it generates successors. In
the reverse direction, BTCH performs the backward exploration fromd using a static Dijkstra
search, and considers only the lower-bound edge weights of the incoming edgeskn. We also
maintain U (initially in nity) which is the smallest upper-bound distance of any path from sto
d seen so far by the algorithm. During the backward Dijkstra search, we store each traversed
edge inEyy and compute the upper bound by taking the maximal value on each edge irkE 4.
Whenever the two searches meet at an apex vertek, we: (i) update U if the upper-bound
distance froms to d via k is smaller than current U; and (ii) obtain a lower bound Ib(s; k; d) for
the path from s to d via k. If Ib(s;k;d) U, we discontinue the search on both sides fronk.
Every time the search meets, we also record the apex vertek in K. The bidirectional search
continues until the minimum f -value on both open lists are no less tharlJ (or when both lists
are empty, if no such path).

(i) Forward Search: Once the bidirectional search stops, for each recorded apex vertex
k2 K and Ib(s;k;d) U, we continue a forward time-dependent Dijkstra search on the edges
Eyy by iteratively inserting k into the queue. This forward search is funnelled intod and
considers only the edges that are previously traversed by the backward search. The search
terminates if d is expanded.

Finally, BTCH unpacks the tch-path using the middle vertex pro le maintained on the cor-
responding shortcut edges, and the optimal pathsp(s;d;t) is returned. BTCH remains state-
of-the-art for time-dependent routing [86].

2.3 Classic Multi-Agent Path nding

The previous sections cover path nding in two-dimensional spaces and road networks. Despite
the di erences in environments, the main focus remains on nding a path for a single agent
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to travel between two locations, often disregarding other agents that may operate in the same
environment (though not always, as time-dependent road networks consider the e ect between
agents as a tra ¢ pattern for each edge). Multi-Agent Path nding (MAPF) takes interactions
between agents into account and plans the paths that avoid collisions with other agents and ob-
stacles. In this section, we consider the classic MAPF problem where the underlying workspace
is represented by a four-connected grid map as explained in section 2.1.1. Next, we formalise
the classic MAPF problem.

Following Stern et al. [3], a MAPF instance consists of (i) an input grid map, where each

represent the grid map as an undirected and unweighted graplG = (V; E) with nodes V and
edgese V V. Each agenta; 2 A has a unique source 2 V) and destination (d; 2 V).
Time is discretised into unit-sized timesteps, and, at each timestep, agents are allowed to move
to an adjacent vertex or else wait at their current location. A path of agent a; is a sequence of
vertices P = hsj;:::;di, indicating the location of a at each timestep. An agent has reached
its destination if it permanently waits at its destination location and never has to move o to
make way for another agent. The cost of a pathP is the number of timesteps (i.e.,jPj 1)
required for an agent to reach the destination location from its source (ignoring wait costs after
reaching). The paths of two agentsa; and @ can conict in two ways: (i) a vertex con ict
ha;; @ ;vi;ti when agenta; and a reach the same vertexv; 2 V at the same timestept, and
(i) an edge coniict hg;;a;vi;Vvj;ti when two agentsa; and g traverse the same edge,,, 2 E
from the opposite directions at the same timestept. A solution is a set of con ict-free paths,
one for each agent. Our objective is to nd an optimal solution that minimises the sum of the
individual costs (SIC) of the paths.

In this section, we discuss the existing works related to the classic MAPF problem by cat-
egorising them into three categories: optimal MAPF algorithms, bounded-suboptimal MAPF
algorithms and unbounded-suboptimal MAPF algorithms. We begin by providing an overview
of each type of MAPF algorithm. Given that one of our research objectives is to improve
the state-of-the-art optimal search-based algorithm, Con ict-Based Search (CBS), we will then
present a detailed explanation of the algorithm, along with its recent improvements.

2.3.1 Optimal MAPF Algorithms

The MAPF problem is challenging because it requires consideration of potential collisions that
may occur between multiple agents. Even more challenging is nding an optimal solution
for all agents that optimises the SIC, as this problem is NP-hard [87]. Optimal Multi-Agent
Path nding (MAPF) algorithms can be categorised into search-based and compilation-based
algorithms. Search-based algorithms utilise approaches such as joint-state A* search, increasing
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cost tree search, and con ict-based search. On the other hand, compilation-based algorithms
transform the problem into a combinatorial optimisation problem, which is then solved using
an o -the-shelf solver. Next, we present an overview of each type of search-based algorithms,
including their variations, as well as compilation-based algorithms.

Joint-space A* search is a straightforward approach to nd the optimal solution for MAPF
by utilising A* search algorithm with a joint-state space. In a joint-state space, each agent
corresponds to a di erent location among a total of jVj vertices on a grid map. Therefore, the
successors of the A* search correspond to all potential non-collision combinations of actions the
agents can take (i.e., for a four-connected grid map, there areX4number of successors in the
worst case wherek is the number of agents in a MAPF instance). The g-value and h-value
of the A* search is the sum ofg-value and h-value for each agent in a search node. Since
the joint-state space grows exponentially with the number of agents, various techniques have
been proposed to eliminate the search space of joint-state A* search. For example, Operator
Decomposition (OD) [88] modi es the joint-state A* search by only changing the position of
one agent at a time. Though this reduces the branching factor, it also increases the search tree
depth substantially. Independence Detection (ID) [88] divides the agents into disjoint subgroups
and solves each subgroup independently. However, it may not work well when the number of
agents is large and partitioning is di cult. Enhanced Partial Expansion (EPEAY*) [89] focuses
on reducing the surplus nodes (i.e., the node with the cost larger than optimal cost) of the
joint-state A* search by only generating the successors withf (n) = f qn) where f {n) is the
minimal f -value in the open list. Sub-dimensional expansion (M*) [90] changes the joint-state
A* search, such that it initially runs an A* search on each individual agent and only locally
increases the dimensionality (i.e., merges the search space) when the search space of one agent
is con icting with another.

Increasing Cost Tree Search (ICTS) [91] is a two-level search algorithm that improves the
joint-state A* search by limiting the joint-state space to only consider a combination of xed
cost agents. In the high-level, ICTS searches in an increasing cost tree where each node contains
a set of costs, one for each agent, and a parent node connectskanumber of child nodes, each
of which increases the cost of one dft agents by one. When expanding a high-level node, the
lower-level search veri es whether a solution exists in the joint-state space that combines the
potential locations of each agent with its corresponding cost of the high-level node. Sharon
et al. [91] also propose several pruning techniques to quickly skip the high-level nodes that do
not contain a solution, leading to better performance than the joint-state A* search.

Con ict-Based Search (CBS) [33] is another two-level search algorithm that resolves con icts
by adding constraints and replanning the paths that satisfy the imposed constraints. We give
the details of the CBS algorithm and its recent enhancement in Section 2.3.4. In addition to
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that, CBS has two variations that solve the MAPF optimally. Iterative Deepening CBS (ID-
CBS) [92] instantiates the iterative deepening A* [93] on the high-level search of CBS. This
adaptation allows CBS search to continue running without memory-out failure due to a large
number of high-level search nodes. Meta-Agent CBS (MA-CBS) [94] inherits a similar idea
from independence detection, which groups multiple agents into a sub-problem in the high-
level search of CBS. In general, this approach helps to reduce the branching factor of the CBS
search, but how to more e ectively subgroup agents is a challenging task. Unlike the joint-state
search algorithms, the e ciency of CBS algorithms is dependent on the specic conicts that
occurred in the current plan. Although there are various recent enhancements to joint-state
search algorithms, the CBS family algorithms remain state-of-the-art for search-based MAPF
algorithms.

Compilation-based algorithms are another family of algorithms that solve the MAPF problem
optimally. These algorithms formalise the MAPF problem as a traditional optimisation problem
such as Integer Linear Programming (ILP) problem, Boolean Satis ability (SAT) problem, Con-
straint Programming (CP) problem etc, and e ciently solve them by using a well-implemented
optimisation solver. For example, ILP has been used to encode a MAPF problem as a network
ow problem with multiple commodities [95] and solved it with an ILP solver. Branch-and-Cut-
and-Price (BCP) [39, 96] is another algorithm based on a widely-used ILP technique, branch and
price, but generalises the idea of CBS to use a search algorithm to plan a single-agent path on
the lower level and ILP solver to assign the paths and resolve the con icts on the high level. In
addition, MAPF can also be mapped to a SAT problem, such as MDD-SAT [97], which involves
using Boolean variables to represent whether each agent is at each location at each timestep.
SMT-CBS [98] further utilises the satis ability modulo theories (SMT) to combine the resultant
SAT-based algorithm with CBS. Finally, Lazy-CBS [41] replaces the high-level of CBS with a
depth- rst search and adapts the CP approach with no-good learning in order to avoid redun-
dant searching e orts across di erent branches of CT. Overall, while some compilation-based
approaches [95, 97] can outperform search-based algorithms on small maps, they can not scale
well to larger maps due to the large number of Boolean variables required by their solvers. Other
compilation-based approaches [39, 41, 96, 98] have improved performance, but many of them
rely on or generalise the idea of CBS, making them non-dominated alternatives. Therefore, we
focus on the search-based algorithm CBS in this research.

2.3.2 Bounded Suboptimal MAPF Algorithms

Bounded-suboptimal MAPF algorithms aim to nd the solutions within a xed bound of the

optimal solution, which allows the trade-o between the solutions' quality and the query per-
formance of the algorithms. Bounded-suboptimal MAPF algorithms often focus on the relative
bound of the suboptimality, thatis BS= O (1+ ), where is the error bound, BS and O are
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the SIC of bounded-suboptimal and optimal solutions, respectively. In the existing literature,
bounded-suboptimal MAPF algorithms are usually variants of optimal MAPF algorithms, we
brie y review them below.

For joint-space A* search algorithms, Barer et al. [99] extends OD and EPEA* by incorporat-
ing a weighted A* search [100]. The evaluation functionf = g+ hismodiedto f = g+h (1+ ).
By introducing a weight factor to the heuristic value h, the search can potentially bypass large
sections of the state space that are less likely to yield feasible solutions (i.e., search nodes with
low g-values but high h-values). Similar strategies are also employed in in ated M* [90] and
in ated ODrM* [101], where ODrM* is a combination of M* and MA-CBS. For ICTS-based
approaches, Aljalaud and Sturtevant [102] replace the best- rst search at the high level with
alternative strategies, such as All-Agent-Costs, where the approach increments the cost of all
agents by one instead of increasing the cost of just one agent. Although the paper lacks experi-
mental results, it highlights an intriguing method for nding suboptimal solutions within a xed
absolute bound (i.e.,BS = O + ). For CBS-based approaches, Weighted CBS (WCBS) [99]
extends the low-level A* search of CBS by using a weighted A* search to increase the heuristic
value. Bounded CBS (BCBS) and Enhanced CBS (ECBS) [99] further improve both lower and
high-level searches of CBS by employing Focal Search [103]. The focal search is a variation
of A* search that aims to nd bounded-suboptimal solutions. It utilises two lists of nodes:
open and focal . The open list is the same as in A* search, while thefocal list contains
a subset of nodes from theopen list. Focal search uses two functionsfi and f,, where the
focal list includes nodes from theopen list such that fi(n) f1.,, andf, is utilised
to select which nodes in thefocal list to expand. By choosing an appropriatef, the search
preferentially expands nodes with solutions within the error bound guaranteed byf ;. In addi-
tion to ECBS, Explicit Estimation CBS (EECBS) [104] replaces the high-level focal search of
ECBS with Explicit Estimation Search [105], another bounded-suboptimal A* framework that
better incorporates inadmissible heuristics. Flexible EECBS (FEECBS) [106] further improves
the low-level focal search of EECBS by allowing the overall cost (instead of each agent's cost)
of the paths to be bounded-suboptimal, providing exibility in distributing the cost di erently
according to their needs. Lastly, aside from search-based MAPF algorithms, eSMT-CBS [107]
and eMDD-SAT [108] extend the compilation-based algorithms SMT-CBS and MDD-SAT to
return bounded suboptimal solutions.

2.3.3 Unbounded Suboptimal MAPF Algorithms

Unbounded suboptimal MAPF algorithms typically pay less attention to solution quality, but
instead focus on nding feasible solutions fast. Popular ones in this area are prioritised planning
algorithms, rule-based algorithms, and large neighbour search-based algorithms. We give more
details on each type of algorithm in the following sections.



36

Prioritised planning algorithms, as introduced by [109], o er a collision-free solution for multi-
agent path nding (MAPF) problems by assigning a specic order to prioritise agents. By
adhering to this order, each agent plans a collision-free path while avoiding con icts with the
previously planned paths of higher-priority agents. The e ectiveness of prioritised planning
algorithms relies heavily on the priority order designated to each agent. This priority order can
be pre-assigned utilising heuristic approaches [110], constraint programming (CP) solvers [111],
and machine learning methods [112]. Alternatively, the priority order can be determined during
execution using search-based algorithms [113], or partially planned for distinct sub-segments of
paths [114]. Though prioritised planning algorithms often run e ciently and scale e ectively to
MAPF instances with a large number of agents, a signi cant drawback of this approach is the
lack of completeness guarantees, i.e., prioritised planning algorithms may not be able to nd a
solution for a MAPF instance, even when one exists.

Rule-based algorithms typically solve the MAPF problems in near polynomial time by estab-
lishing pre-determined movement rules for agents. One popular way is to convert the map into
a graph with prede ned routes between start and destination of all agents, ensuring a MAPF
solution is explored only within this reduced graph. Numerous approaches have been proposed,
demonstrating that such a graph can be constructed as an acyclic graph (i.e., tree) [115], a
bi-connected graph containing two more vertices than the number of agents [116], and a graph
representing the special topology of the maps [117]. On the other hand, MAPF instances can
also be solved using prede ned agent operations, such as \Slide" [118] (under certain assump-
tions) and \Push and Swap" [119, 120]. Variants of \Push and Rotate" include "Push and
Rotate" [121] and \Push, Swap and Wait" [122]. Due to the popularity and superiority of
\Push and Swap", this technique has been further enhanced by combining it with prioritised
planning in a method called Priority Inheritance with Backtracking (PIBT) [42, 123, 124]. More
recently, Lazy Constraints Addition Search (LaCAM) [40] has improved upon PIBT by employ-
ing it to guide exhaustive searches. In summary, rule-based algorithms can run extremely fast
(near polynomial time) on even very challenging MAPF instances. However, the solutions they
nd are often substantially inferior compared to other MAPF algorithms.

Large Neighbour Search-based algorithms employ a well-established optimisation strategy
known as Large Neighbour Search (LNS). Within the context of the MAPF problem, LNS
can be understood as a framework in which algorithms begin with a current plan containing
paths for all agents. In each iteration, a subgroup of agents is selected to replan their paths to
improve the current plan. This process is repeated until a timeout occurs. The e ectiveness of
LNS algorithms relies on the subgroup of agents selected in each iteration, which can often be
achieved using heuristic approaches [43, 125] or machine learning approaches [126]. The overall
LNS strategy can be applied to enhance solution quality [125], given a feasible solution provided
by the suboptimal MAPF algorithms introduced. Alternatively, it can be adapted to repair an
infeasible plan [43], given any un nished plan returned by any MAPF algorithms introduced.
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The combination of both approaches led to the development of a solver [127], winning the
2020 Flatland challenge [128]. Not only is LNS e cient and e ective, but it also provides the
exibility to be combined with state-of-the-art MAPF algorithms in the eld.

2.3.4 Conict-Based Search and Its Enhancements

Con ict-Based Search (CBS) [33] is a state-of-the-art optimal algorithm for solving MAPF. CBS
runs a two-level search. The high level of CBS focuses on a pair of agents that have at least one
con ict with each other and resolves the con ict by adding constraints. This process involves
building a binary tree called the Constraint Tree (CT). Each high-level CBS node N is a CT
node, which contains:

" a set of constraints N:constraints, in which each constraint ha;; v;;ti (resp. ha;;vi;v;;ti)
prohibits agent a; from visiting vertex v; (resp. edgeey;.y; ) at timestep t;

" a set of pathsN:P (one for each agent), in which each pathN:P(a) is a cost-minimal
path for agent a; that satis es N:constraints without considering other agents;

" a set of conicts N:conicts , where each conict is either a vertex ha;; a;;vi;ti or edge
conict haj;ay;vi;V;;ti betweenN:P(a) and N:P(g); and

~ a cost N:cost, which is the SIC of N:P.

To nd a conict-free solution that minimises the SIC, CBS searches in a best- rst-search
manner and maintains a queue to prioritise the CT nodes using their costdN:cost. Initially,
the priority queue contains a root CT node with an empty set of constraints, and each path
P 2 N:P is an optimal path while ignoring other agents. Whenever CBS expands a CT node
N, it selects a con ict betweena; and a from N:conicts and resolves it by splitting N into two
child CT nodes. In each of the child CT nodes, CBS adds an additional constraint that prohibits
one of the agents from visiting the contested vertex or edge at timestep. Since the path of
a; (or &) no longer satis es the constraints of the child CT node, CBS calls a low-level solver
to replan the path by using a time-space A* search [114]. Once replanned, the con icts of the
child CT node are updated, and all other paths inN:P remain the same. The search continues
by inserting the child CT nodes to the queue and terminates when it selects for expansion a
CT node N that has no conicts (i.e., N:conicts = ;). The current N:P is a cost-minimal
solution, as CBS guarantees to explore both ways of resolving each conict. Figure 2.10 (i)
shows an example of a MAPF instance. We show a CT of the CBS search in Figure 2.10 (ii),
where the root CT node contains the shortest path for each agent while ignoring the paths of
the other agents (as shown in Figure 2.10 (i)). In each of the CT nodes, we show the selected
conict in yellow, as well as the constraints added in red to resolve the conict of the parent
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0} (ii)

Figure 2.10: (i) A MAPF instance with three agents. (iij) An example of a CT for the

MAPF instance in (i), In each CT node, we show the selected con ict (yellow), the newly added

constraints (red), and the modi ed path (green). The CT nodes that contain feasible solutions
are shown in blue.

CT node. Additionally, we highlight the replanned path resulting from the new constraints in
green. Note that, although the CBS search generates CT nodes with con ict-free solutions as
shown in blue, it needs to keep splitting the CT node located at the bottom left in order to

prove optimality (i.e., until the minimal value in the open list is no less than the best solution
cost found so far).

Prioritising and Bypassing Con icts: Recall that CBS needs to select a con ict from
N:conicts when generating the child CT nodes. Each split operation is costly and increases
the branching factor of the CBS search. In order to select the most promising con ict to resolve,
Boyarski et al. [129] propose toPrioritise con icts by sorting N:con icts into three categories:

~ Cardinal conict, i replanning the path for any agent in the con ict increases N:cost;

" Semi-cardinal conict, i replanning the path for one involved agent increasesN: cost while
others do not;

" Non-cardinal conict, i replanning the path for any agent involved in the con ict does
not increase theN:cost;

CBS builds MDDs to classify conicts. A Multi-value Decision Diagram (MDD) [91] MDD
for an agent g in a CT node N is a Directed Acyclic Graph (DAG) which compactly stores
all cost-minimal paths that satisfy the constraints N:constraints. Let us assume the cost of
N:P (&) is ¢, the MDD hasc + 1 levels. For each levelt from 0 to ¢, MDD ; contains nodes
that correspond to all possible locations of agent; at timestep t when agenta; follows a path of
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(): Rectangle Conicts (i): Corridor Con icts (iii): Target Con icts

Figure 2.11: Examples of three types of symmetric con icts between agents; and a,.

cost¢; that satis es N:constraints. If MDD ; has only one MDD node ;t) at level t, we call this
node asingleton and all shortest paths of agenta; must go through vertex v at timestep t. e.g.,
the source and destination are singletons, indicating that agenig; occupies the vertexs; and di
at timestep 0 and ¢, respectively. Building MDD ; for an agenta; is simple. We run a breadth-
rst search from the source s; to explore the nodes that satisfy the constraints N:constraints
within cost ¢;. Once the search is nished,MDD; only records the partial DAG that reaches
destination d;. To classify the conicts, a vertex conict ha;;a;;v;;ti is cardinal i the MDDs
of a; and a have singletons at deptht, and an edge conict ha;; & ; vi;v;;ti is cardinal i both
MDDs have singleton at deptht andt 1. The semi/non-cardinal conicts can be identi ed
analogously. CBS is a best- rst search that nds optimal solutions by progressively pushing the
minimal lower bound. Therefore, the con icts that increase the N:cost are preferably resolved,
i.e., CBS prefers to select a cardinal conict rst, then a semi-cardinal conict and nally a
non-cardinal con ict.

During node splitting in the CBS algorithm, another way to improve the search e ciency
is to bypass conicts by modifying the chosen path of one of the agents [129]. Given a CT
node N and its constraints N:constraints, a path P; is a valid bypass for agenta;, i (i) P;
has the same source and destination o&;; (i) P; is a cost-equivalent path of N:P (a;) which
satis es N:constraints; and (iii) replacing N:P (&) with P; reduces the total number of con icts
(i.e.,jN:conicts j) of N. CBS nds bypasses when generating child CT nodes. Recall that CBS
selects a con ict between two agentsa; and a;, and each child CT node replans a pathP; (resp.
P;) for agent a; (resp. a;) to resolve the conict. If the replanned path P; (or Pj) is a valid
bypass, we replace the path ofg; (i.e., N:P(a;)) with P; and remove the generated child CT
nodes without splitting N . Identifying a bypass can resolve a con ict without branching, which
reduces the size of CT.

Symmetry Reasoning: For a pair of agents that are currently in conict, it is possible
that all cost-minimal paths of two agents are colliding in the same area. Although adding the
standard (vertex or edge) constraints will eventually resolve the conict, the size of CT can
grow exponentially, which leads to timeout or memory out failures of CBS. We refer to this
type of con ict as symmetric con ict. Symmetry reasoning is a family technique that resolves
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Figure 2.12: Examples of MDDs for three agents shown in Figure 2.10 (i), as well as the
results of mutex propagation between agent, with agent a; and az. The initial and propagated
mutexes are shown in dashed blue arcs and red solid arcs, respectively.

symmetric conicts in a single split, which dramatically improves the success rate of CBS. Li
et al. [130, 131] propose a handcrafted approach that categorises the symmetric con icts into
threes types:

" Rectangle con icts, where all cost-minimal paths of two agents collide in a rectangle area.
Fig 2.11 (i) shows an example of a rectangle con ict, vanilla CBS resolves this con ict by,
at least, expanding 3 nodes. However, with the width and length of the rectangular area
increasing, the number of nodes expanded by CBS grows exponentially.

Corridor con icts, where two agents traverse through a corridor from opposite directions.
Fig 2.11 (ii) shows an example of a corridor con ict with a length equal to 4, vanilla CBS
resolves this con ict by expanding 2**1 = 32 nodes.

Target con icts, where one agent traverses through the other agent's target vertex. Fig 2.11
(i) shows an example of a target con ict, where the distance betweers; and g, equal to
3, vanilla CBS resolves the con ict by expanding 3 nodes.

For each type of symmetric conict, Li et al. [130, 131] propose a customised algorithm
to e ciently detect and classify it into three categories discussed before (e.g., cardinal, semi-
cardinal and non-cardinal). In addition, a symmetry-breaking constraint is designed to enable
CBS to resolve the conict in a single split while preserving optimality. Later, Li et al. [34]
extend the concept of symmetric con icts to include (i) the irregular-shaped rectangle con ict,
which is a generalisation of the rectangle conict, and (ii) the pseudo-corridor con ict, which
occurs in a non-corridor region but behaves like a corridor con ict, as well as (iii) the target
corridor con ict, which arises when the target of an agent is located inside a corridor. For more
details, we refer the reader to the paper [34].
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Mutex? propagation [35, 132] is another approach that automatically identi es and resolves
symmetric con icts. Originally, mutex propagation is a popular technique used in Al planning,
such as planning graph [133], state-space planner [134], and improving SAT-based planner [135].
Like many constraint propagation techniques, mutex propagation nds incompatible nodes be-
tween the MDDs of two agents. Given MDDs for two agents, mutex propagation nds two types
of mutexes:

~ Initial mutexes: a pair of MDD nodes/edges is an initial mutex i these two MDD
nodes/edges correspond to a vertex/edge con ict at the same levdl.

~ Propagated mutexes: a pair of MDD nodes (resp. edges) is a propagated mutex i they
are at the same levelt and all pairs of their parent MDD edges (resp. nodes) are either
initial mutex or propagated mutex.

A pair of MDD nodes is mutex if they are either initial or propagated mutex. In general, the
initial mutexes are detected rst and then propagated through MDD to nd the propagated
mutexes. Many existing algorithms [35, 136] can detect mutexes between MDDs. We omit the
details of such algorithms. Given two MDD nodes at the same level that are mutex, we have
the following:

Property 2.5. | two nodes from dierent MDDs at the same level are mutex, there exists
no pair of con ict-free paths that traverse through the two nodes and reach their destination
locations at their individual minimum cost [35].

Given the MDDs of two agents, Zhang et al. [35] utilise mutex propagation to identify cardinal
symmetric con icts. Speci cally, a pair of agents has a cardinal symmetric con ict if all pairs
of MDD nodes are mutex at the same level (i.e., there exist no pair of conict-free paths
for both agents to reach destinations). In this case, the algorithm returns two sets of MDD
nodes to generate symmetric-breaking constraints. Each set consists of the MDD nodes of one
agent that are mutex with the nodes of the other agent. Although mutex propagation can
automatically identify and resolve symmetric con icts, it detects only cardinal con icts and
requires higher runtime overhead than handcrafted approaches. Figure 2.12 shows an example
of mutex propagation of MDD , with MDD 1 and MDD 3 for three agents shown in the Figure 2.10
(). The initial mutexes and propagated mutexes are shown in blue dotted arcs and solid red
arcs, respectively. Although the current path ofa, and asz are in con ict, the mutex propagation
can not identify any symmetric con ict, because there exists a pair of con ict-free paths between

a; and as.

High-level Heuristic (WDG): So far, CBS prioritises the CT nodes using\N:cost. However,
like many other A* searches, the performance of CBS can be signi cantly improved by using an

2Mutex is a short term for mutual exclusion.
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admissible heuristich, which prioritises CT nodes based orf = N:cost+ h. The rst high-level
heuristic of CBS is introduced by Felner et al. [36] which focused on the pairs of agents with
cardinal con icts (i.e., resolving such con icts must increase the costs of child CT nodes). Later,
Li et al. [37] improved and extended this heuristic considering all pairs of agents that are in
conict. Among many heuristics proposed in [37], we explain the leading heuristic, Weighted
Pairwise Dependence Graph (WDG) heuristic.

In order to compute the heuristic for a CT node N, WDG considers all pairs of agents that are
currently in con ict. For each such pair of agents (a;; a ), WDG takes the paths and constraints
of @ and a in a CT node N and runs a sub-CBS search to solve them as a sub-instance.
Completely solving the sub-instance may be costly and easily dominates runtime. Therefore,
each sub-CBS solver is given a node limifN j, which only allows the solver to expand at most
iNj CT nodes. When the sub-CBS search concludes, it is easy to see that the increase of the
minimal f -value in the open list j is a valid lower bound for agent pairs @;;a;). To further
consider the intersection of pairs of agents, WDG builds a weighted pairwise dependency graph
Gp = (Vpb;Ep;Wp) for these agent pairs whose j > 0. Each vertexv; 2 Vp indexes an
agent a;, each edgee,,, 2 Ep corresponds to an agent pair &;a), and Wp : E ! D is a
weight function that maps each edgee,y, 2 EDPto j 2D as edge weight. The graphGp is
used to create an integer program to minimise ; X; subject to ~j X; + X; ij » Wwhere each
Xj represents the increase in length of the current path for agent;. The optimal value of this
integer program is an admissible heuristic for CT nodeN . Although computing WDG requires
building Gp for each node expanded, most of the edges iBp can be inherited from the parent
CT node.

Though fast and e ective, WDG as well as other existing heuristics [36, 137] (except for
the one introduced below) compute the heuristics only by considering the pairs of agents that
are in con ict. Recently, Mogali et al. [138] proposed a Lagrangian-Relax-and-cut-based (LR)
heuristic that reasons about con icts among groups of three agents. It shows promise that
reasoning beyond pairs of agents can generate better heuristics. However, due to the large
runtime overhead of the LR heuristic, (i) they apply the LR heuristic only at the root CT node,

(ii) they have to limit the maximum cost of the paths, and (iii) the overall speedup is very
limited (e.g., within the given runtime limit, they do not solve more instances than the existing
algorithm).



Chapter 3

Fast Optimal and Bounded
Suboptimal Euclidean Path nding

3.1 Overview

In this chapter, we present our techniques for improving the path nding queries in Euclidean
space. Our approach combines the strengths of two recent path nding techniques: Polyanya [14],
an online mesh-based planner, and Compressed Path Databases (CPDs) [26, 27], a family of
preprocessing-intensive speedup techniques developed for grids and spatial networks. We provide
two versions, one designed for nding optimal paths, and a second for bounded suboptimal
paths. Like many Euclidean path nding algorithms, both use a two-step approach involving

o ine preprocessing followed by online search. In broad strokes:

~ During the o ine phase, we preprocess the input mesh to extract a graph of \interesting"
points. We then preprocess the graph to create a CPD: an auxiliary data structure that
stores compressed all-pairs data and, which can be used to e ciently extract optimal paths
between any pair of \interesting points" p; and p;.

During the online phase, we connect the source and destination points to the \interesting
points" graph. We use the CPD to identify candidate paths. In the optimal algorithm, we
consider paths from each of thgVsj outgoing successors of the sourcgto each of thejVyj
incoming successors of the destinatiom. In the suboptimal algorithm, we only consider
paths from the nearest \interesting point" to the source to the nearest \interesting point"
to the destination.

For the optimal approach, because each candidate path is a feasible solution, our approach
can provide strong anytime performance and it guarantees to return the optimal path after

43
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Symbol Description
s The source of a path nding query.
d The destination of a path nding query.
pi A point in arbitrary Euclidean space.
Vi A vertex on a polygonal obstacle.
I A contiguous interval (i.e., segment) of an edge of the mesh
G The centroid of a circle.

The radius of a circle.
The error bound for bounded suboptimal search.
P A path that consists of a sequence of pointdps,p2, , pki-
iPj The cost of a path P.
A concatenation operator that concatenates two pathsP; and P;.
sp(s; d) The shortest path from s to d.
ed(pi;p;) | The Euclidean distance between two pointsp; and p; .
fm (pi;pj) | A function that extracts the rst-move on sp(p;; p;) using CPD wherep; and p; 2 CPD.
cpdpi;p;) | The shortest path sp(p;; p;) extracted using CPD wherep; and p; 2 CPD.
Ib(pi;p;) | Alower bound on the shortest distance betweerp; and p;, i.e., Ib(pi; p;j) isp(pi;p;)j-
bsp(s;d) | A bounded-suboptimal path betweens and d, i.e., jbsg(s;d)j jsp(s;d)j +

Table 3.1: Summary of the notations used in this chapter

considering at mostjVs) j Vgj possible paths, whergVsj and jVyj correspond to the number of
convex vertices visible from source and destination, respectively. For the suboptimal approach,
the whole path nding process is completed by considering only one path instead ofVsj | Vyj
paths, so it is very fast.

We give a complete description of the new algorithms and a number of additional enhance-
ments that can speed up the optimal search. We then demonstrate e ectiveness in a range
of experiments: on maps from real games and in comparison to a range of leading Euclidean
path nding algorithms, both optimal and bounded suboptimal, appearing in the recent litera-
ture. For optimal path construction, we show that the new method can be substantially faster:
from a few factors to over one order of magnitude. For computing fast anytime solutions, and
for solutions with bounded suboptimal costs, we show that the speed gains are even larger.

3.2 Preliminaries

In the Euclidean path nding problem, we are asked to nd point-to-point paths in a continuous
2D workspace which contains polygonal obstacles in xed positions. Any non-obstacle point
from the workspace is a potential source or destination position, and the objective is to nd an
obstacle avoiding, distance minimum path, between pairs of points that are priori unknown. In
this chapter, we follow the de nitions and terminologies introduced in Section 2.1, and Table 3.1
summarises the symbols used in this chapter.

As mentioned earlier, our techniques combine the strength of two recent path nding tech-
nigues: Polyanya [14] and Compressed Path Databases (CPD) [26]. The details of the online
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path nding algorithm Polyanya as well as its underlying navigation mesh have been discussed
in Section 2.1.4. On the other hand, CPD is an oracle-based algorithm that was originally
designed for path nding in road networks, we have given the description of the algorithm in

Section 2.2.3.

3.3 Optimal Search

Our rst contribution is an algorithm for quickly nding optimal Euclidean paths. We examine
the two components of o ine preprocessing followed by path extraction.

3.3.1 Oine Preprocessing

We now describe the auxiliary data structures required by our new algorithm and the o ine
preprocessing step that constructs them. There are two main steps: constructing a graph
of co-visible convex vertices and building a corresponding CPD. This phase takes as input a
navigation mesh which can be constructed as described in [14].

3.3.1.1 Identifying Co-Visible Vertices

A variety of methods exist for generating a graph of co-visible vertices. All have worst-case
upper bounds of O(n?) where n is the number of vertices in the planar environment. Faster
performance can be achieved in practice by only considering and connecting convex vertices.
Variations of this idea appear many times in the literature and under di erent names; e.g.
Tangent Graphs [139], Silhouette Points [140] and Sparse Visibility Graphs [15].

We now propose a new e cient algorithm for computing such a Visibility Graph, in two
dimensions, using the Polyanya path planner. The vertex setv of the visibility graph consists
of all convex vertices of the obstacles. In Fig. 3.1f A D GH K L; Oy are convex vertices. Other
obstacle vertices (e.g.0O cannot appear on any optimal path, and are dead-end vertices. Next,
for eachv 2 V, we run a modi ed Polyanya search to nd convex visible vertices from v.
Speci cally, we modify the Polyanya such that it only generates visible successors and the
search runs in a depth- rst search manner without using any heuristic. If a successor's interval
contains a convex vertexv® we add an edgee,0 2 E, where initially E = ;. The cost of this
edge ised(v; v9. This algorithm has the quadratic worst-case but in practice runs much faster.

Consider Fig. 3.1 as an example and assume that the source nodeAs The search starts by
generating all the visible successors for the two adjacent polygons that contai\ It cannot
expand further for the successors that are on the obstacles or map boundary (e.g.,AX[B]; A,
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Figure 3.1:

on the optimal path from Ato any node in the purple (resp. pink) area isD (resp. L).

Green area corresponds to the area visible from the source node The rst move

Ordering A D | G | H | K | L o
A * fE ,Dg D fE ,Hy fE ,Kg fE ,Lg fE,Qy
D fE ,Ag fE,. & fE ,Hy fE ,Kg fE ,Lg fE,Qy
G D fE,Dgy * fE ,Hy fE ,Kg fE ,Lg fE,Qy
Table 3.2: First moves for A, Dand Gfor the example of Fig. 3.1.

(B, 4;A, ([P,Q;A and ([P, d;A etc.). Thus, the remaining visible successors are [} K|; A),
([KL]; A and ([AQ;A. When we expand the successor [J K]; A), it nds two visible convex
vertices D and K and generates the visible successorH[K]; A). Since it is a depth- rst search,
the successor (f K|; A) is expanded which nds the visible convex vertexH and generates the
successors @ 11;A), ([1;J];A and ([K J]; A (which are all ignored because they are either on
obstacles or on the map boundary. Similarly, the successorsijL]; A) and ([A Q; A) are processed
and two visible convex verticesL and Oare found by them, respectively. The search terminates
after exploring the area visible from A (green area shown in Fig. 3.1). Thus, this Polyanya
search adds edges from\ to each of the convex visible verticed D K H L; Qg into E along with
their corresponding Euclidean distances.

We remark that a previous work [15] used a similar approach to nd co-visible vertices but their
searches are conducted using Anya [58]: an optimal any-angle path planner where polygonal
obstacles are rasterised using a grid. Anya searches on a grid map and generates the successors
by considering the adjacent grid row. The search space is explored row-by-row. On the other
hand, Polyanya extends Anya in Euclidean space which searches on the convex polygons of
mesh and explores polygon-by-polygon, hence improves the node expansions by a few factors
and achieves up to one order of magnitude speed up [14]. In experiments, we compare against
this method and we improve it using our more general mesh-based approach.
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3.3.1.2 Building the CPD

Given the graph of co-visible nodes, we construct a corresponding CPD [26]: an all-pairs data
structure that encodes the rst move (equivalent rst arc) on the optimal path from each node
s 2 V to every other noded 2 V.

First-Move Tables: As stated earlier, the rst-move table of s stores the rst-move symbol
fm (s;d) for every d 2 V. When s and d are co-visible (i.e.,fm (s;d) = d), in addition to storing
the rst-move d, we also store a redundant symboE which represents thats and d are co-visible
(i.e., a direct path from s to d exists). For example, for the rst-move from Ato D, we storeD
as well asE. Another special symbol is (wildcard) \*" symbol which we add for table entries
wheres = d, since these entries will never be retrieved. We include the redundant and wildcards
symbols because they substantially improve compression as shown in [79] and explained shortly.
Table 3.2 shows all rst moves for source verticesp, Dand Gin Fig. 3.1.

Compression: We compress rst-move tables using run-length encoding (RLE) [27]. To
improve RLE compression we apply several known enhancements [79]. First, we allow the
wildcard symbol "*" to be compressed with any other preceding or subsequent symbol. Secondly,
for table entries with redundant symbols, we choose the one that produces a longer run. For
example, rowAin Table 3.2 can compress into just two runs: D, 4E (cf. 3 runs if we chooseE
as the symbol for columnD).

We use a Depth-First-Search (DFS) ordering of columns as suggested in [80]. In Table 3.2,
the order of the columns is a DFS traversal order of the convex vertices appearing in Fig. 3.1
starting from A

3.3.2 Online Search

CPDs can e ciently retrieve optimal paths when both source s and destination d are the vertices
of the co-visible graph as discussed in section 3.3.1.2. One of the main challenges for path nding
in Euclidean space is thats and d can be arbitrary (i.e., a priori unknown) locations on the
map. To handle such cases we propose to rst identify all graph vertices visible frons, denoted
Vs, and all graph vertices visible fromd, denoted V4. We then extract a set of paths, from each
Vs 2 Vs to eachvyq 2 Vy. Let cpdlvi;vj) denote an optimal path from v; and v; (extracted via
the CPD). If s and d are not visible to each other, the shortest path (i.e., the one with the
shortest distance)sp from s to d is then

sp(s;d) =argminf jhs;vsi  cpdvs;Vvg) h vg;dijj vs 2 Vs;vg 2 V40 (3.1)
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