
1
1

3

12 1

2 1

1

10
4

 F

 G H

E D

B A

I

J

C

Figure 1: From the source node G, the optimal first move to
any node colored red (resp. purple) is D (resp. E).

Ordering G D A C J E H F B I

G * D D E E E E E E E

J E E E C * E H H H H

I H H H H H H H H B *

Table 1: First moves for G, J and I for the example of Fig. 1

Preliminaries
Let G = (V,E,w) be a (directed or undirected) graph, with
nodes V , edges E ✓ V ⇥V and w : E ! R+ a weight func-
tion that maps each edge e 2 E to a non-negative weight
w(e). A path p from s to t in G is a sequence of nodes
hn0, n1, n2, . . . , nk�1, nki, where k 2 N+, n0 = s, nk = t,
and (ni, ni+1) 2 E, 0  i < k. The length of the path is
|p| =

Pk�1
i=0 w(ni, ni+1) and d(s, t) denotes the length of

the shortest path, from s to t in G. For exposition only, we
will assume G is undirected.

Compressed Path Database: A CPD is a data structure
that specifies the first edge (equiv. move) m on an optimal
path, from any node s towards any node t (Botea 2011).
We often use the endpoint m to refer to a first-move edge
(s,m), with the current node s being clear from context.
Each CPD is constructed offline in a preprocessing phase.
For each source node s 2 V , we run a complete Dijkstra
search. The result is a first move table, T (s), which records
all optimal first moves; from s to any reachable target t 2 V .
The table is compressed via Run-Length Encoding (RLE)
(Strasser, Harabor, and Botea 2014) and stored to the disk,
concluding one iteration. Being independent, the iterations
can be run in parallel, with a speed-up linear in the number
of processors. For the effectiveness of RLE compression, the
columns of table are ordered by Depth First Search (DFS) as
suggested by Strasser, Botea, and Harabor (2015).
Example 1. Consider the graph shown in Figure 1. The

first move tables for nodes G, J and I are shown in Table 1,

where * is a wildcard symbol that can be combined with any

run. The compressed RLE string of each row is respectively

[(1,D),(4,E)], [(1,E),(4,C),(6,E),(7,H)] and [(1,H),(9,B)].

With a CPD in hand, we begin the online phase of the al-
gorithm. Given a start-target pair (s, t) (equiv. instance). our
task is to extract an optimal path CPDPath(s, t). The imple-
mentation of this function requires a simple binary search
through a compressed string of symbols representing the
first-move row T (s) (Strasser, Harabor, and Botea 2014).
Once a move is extracted it can be immediately followed,
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Ordering G D A C J E H F B I

d(J, ) 4 5 6 1 0 2 1 2 5 2
d(A, ) 2 1 0 7 6 4 7 8 11 8
d(B, ) 9 10 11 6 5 7 4 4 0 3

Table 2: Arrays of costs for nodes J, A and B shown in Fig. 1
.

giving rise to a simple recursive procedure that terminates
after reaching the target (or after k steps for a partial path).

Contraction Hierarchies: A CH is an augmented multi-
level graph that can be exploited to speed up pathfinding
search. Building a CH is a simple process requiring only the
repeated application of a contraction operation to the nodes
of the input graph G. In broad strokes:

1. Apply a total lex order L to the nodes of G. We use the ND
order suggested in (Dibbelt, Strasser, and Wagner 2016).

2. W.r.t. L, choose the least node v from the graph that has
not been previously selected.

3. (Contraction) Add to G a shortcut edge (u,w) between
each pair of in-neighbour u and out-neighbour w of v for
which: 1) u and w are both lexically larger than v; and 2)
the shortest path from u to w passes through v. To reduce
the number of shortcuts added in G, the subpath hu, v, wi
should be both unique and optimal. Fewer shortcuts im-
prove query performance but verifying local optimality
requires additional pre-processing time.

Example 2. In Figure ??, we contract a toy graph in al-

phabetical lex order. Note how shortcut edges (dashed) can

connect start and target faster than would otherwise be pos-

sible. Without shortcuts, the optimal path from A to B has

7 edges: hA, D, G, E, J, H, I, Bi. An equivalent-cost path, with

shortcuts, traverses only five edges: hA, D, G, J, I, Bi.
A core idea of contraction hierarchies is that shortcut

edges can bypass one or more intermediate nodes in a sin-
gle step. However, for each shortcut edge (u,w) and each
intermediate node v we have f(v)  f(w); i.e., given a
monotonically increasing cost function f , a simple best-first
search will usually expand v before w in order to compute an
optimal path. To achieve a speedup, authors in (Geisberger
et al. 2008) divide the set of edges E into two as follows:
• E" = {(u, v) 2 E | u <L v}

(i.e., the set of all “up” edges); and
• E# = {(u, v) 2 E | u >L v}

(i.e., the set of all “down” edges).
The following results, paraphrased here, are due to (Geis-
berger et al. 2008).


