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Figure 2: Visibility graph
for the example in Figure ??

Vertex Hub labels

A (A, 0), (B, 5.1), (E, 10)

B (B, 0)

C (B, 5.1), (C, 0)

D (B, 5.4), (D, 0)

E (B, 6.1), (D, 5.3), (E, 0)

Table 1: Hub labeling for
the graph in Figure 2

this label indicates that the cell c is visible from a via ver-
tex vj and there is a potential path from c to the hub node
hi via vj with the distance between hi and vj being dij

Within each cell c, there may be multiple via-labels con-
taining the same hub nodes. We use V Lhi(c) to denote the
set of all via-labels in c that have the same hub node hi. H(c)
represents the set of unique hub nodes for the labels stored in
c. For faster query processing, H(c) is sorted by hub nodes
hi to efficiently join the hub labels of two different cells.
Example 2. Table 2 presents the via-labels for two grid
cells, cs and ct, as illustrated in Figure ??. To compute
these via-labels, the EHL algorithm first identifies the vis-
ible convex vertices from each cell, forming visibility lists
Lcs = {A,B,E} and Lct = {B,C,D}. Consider vertex
A, with its hub label (B, 5.1) 2 H(A) as shown in Table 1.
Since A is visible from cs, a via-label B : (A, 5.1) is added
to indicate that there is a path from cs to B via A, with the
shortest distance d(A,B) = 5.1. The visibility list Lcs in-
cludes A, B, and E, so the hub labels of these vertices are
used to insert the via-labels for cs: A : (A, 0), B : (A, 5.1),
E : (A, 10), B : (B, 0), B : (E, 6.1), D : (E, 5.3), and
E : (E, 0). Similarly, the via-labels for ct are generated.

Online Query Processing
First, we introduce minimal via-distance and how EHL com-
putes it using the stored labels.

Minimal Via-Distance The via-distance vdist(p, vj , hi)
represents the length of the shortest path between a point
p and hi passing through a convex vertex vj visible from
p. Given a via label hi:(vj , dij) 2 V Lhi(c) and a point
p 2 c, if vj is visible from p then vdist(p, vj , hi) =
Edist(p, vj) + dij where Edist(p, vj) is the Euclidean dis-
tance between p and vj . If vj is not visible from p, we as-
sume vdist(p, vj , hi) = 1. Given a point p 2 c and the
via labels V Lhi(c), we define the minimum via-distance
vdistmin(p, hi) between p and hi as:

vdistmin(p, hi) = min
hi:(vj ,dij)2V Lhi

(c)
vdist(p, vj , hi) (2)

Computing Shortest Distance Let cs and ct be the grid
cells containing s and t, respectively. If s and t are co-
visible, then the shortest distance d(s, t) is simply the Eu-
clidean distance between them (i.e., d(s, t) = Edist(s, t)).
If they are not co-visible, d(s, t) is computed as follows:
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H(cs) Via Labels V Lhi(cs)

A: (A, 0)
B: (A, 5.1), (B, 0), (E, 6.1)
D: (E, 5.3)
E: (A, 10), (E, 0)

H(ct) Via Labels V Lhi(ct)

B: (B, 0), (C, 5.1), (D, 5.4)
C: (C, 0)
D: (D, 0)

Table 2: Via-labels for cs and ct shown in Figure ??

d(s, t) = min
hi2H(cs)\H(ct)

vdistmin(s, hi) + vdistmin(t, hi)

(3)
Once d(s, t) is determined, the shortest path sp(s, t) can

be retrieved using the successor nodes. Please see (Du, Shen,
and Cheema 2023) for details.
Example 3. In Table 2, H(cs) and H(ct) share two
common hub nodes, B and D. When B is identified,
the vdistmin(s,B) is computed using each via-label:
vdist(s,A,B) = EDist(s,A) + d(A,B) = 2 + 5.1 =
7.1 and vdist(s, E,B) = EDist(s, E) + d(E,B) =
11.2 + 6.1 = 17.3. The label B : (B, 0) is ignored since
B is not visible from s, resulting in vdistmin(s,B) =
vdist(s,A,B) = 7.9. Similarly, vdistmin(t, B) = 6.1
is computed, and the distance is updated to dist =
vdistmin(s,B) + vdistmin(t, B) = 14. For hub node D,
vdistmin(s,D) + vdistmin(t,D) = 16.5 + 2.7 = 19.2.
The algorithm returns the smaller value d(s, t) = 14.

Euclidean Hub Labeling Star (EHL*)
In this section, we introduce EHL*, a memory-budgeted ver-
sion of EHL. EHL* enhances EHL by introducing a com-
pression phase during the offline preprocessing stage.

Offline Preprocessing
The query performance of EHL depends on the number
of labels stored in cs and ct – the fewer, the better. Thus,
EHL performs better when the grid cells are small because
smaller cells contain fewer labels. However, memory usage
increases with smaller cells due to the likelihood of the same
labels being stored in multiple cells. Memory usage in EHL
can be significantly reduced without greatly impacting query
performance by merging cells, as long as the number of la-
bels per cell does not increase substantially. EHL* aims to
achieve this as we detail next.

Recall that each via-label stored in a grid cell c is essen-
tially a hub label copied from a convex vertex v, from which


