
Ordering H A F J I B G D C E

d(A, ), d( ,A) 5 0 15 25 45 55 45 35 45 25
d(B, ), d( ,B) 50 55 40 30 15 0 10 20 50 50
d(J, ), d( ,J) 20 25 10 0 20 30 20 10 20 20

Table 2: Arrays of costs for nodes A, B and J shown in Fig. 2

larly, given a time-dependent graph G, we build a CPD or
RPD by considering the minimal cost on each edge of G.
Since the optimal path extracted from database is no larger
than the shortest path on G (i.e., |CPD(s, d)|  |sp(s, d, t)|
for 8(s, d) 2 G and 8t 2 T ), the first-move oracle defines
an admissible heuristic.

Example 2. Figure 2 shows an example, where we con-
struct a CPD on a graph with minimal edge weight shown
in Figure 1. The shortest path extracted from CPD between
H to J is a valid lower bound, i.e., (|CPD(H, J)| = 20) 
({sp(H, J, t) | 8t 2 T} = [30,40] ).

Landmarks: are another method for generating admis-
sible heuristics in time-dependent road network (Delling
and Wagner 2007). For each landmark l 2 L, we use the
minimum travel time of each edge to compute an array
that records a pair (d(l, v), d(v, l)) on each v 2 V , where
d(l, v) denotes the shortest travel time from l to v. Due to
the triangle inequality, the array of cost is exploited to be
the lower-bound of sp(vi, vj , t) for 8t 2 T , from any vi

to any vj : landmark(vi, vj) = maxl2L{max(d(vi, l) �
d(vj , l), d(l, vi) � d(l, vj))}. The effectiveness of lower-
bound depends on the distribution of landmarks, thus we
select L on the borders of the graph following the same pro-
cedure explained in (Sturtevant et al. 2009).

Time-Dependent Contraction Hierarchy (TCH): is a
speedup technique that exploits the hierarchical nature of the
real-world transportation networks (Batz et al. 2009, 2013).
Given a graph G, a TCH can be built by repeatedly applying
a contraction operation to v 2 V . In broad strokes:

1. Apply a total lex order L to the nodes V of G.
2. W.r.t. L, choose the least node v 2 V that has not been

previously contracted.
3. (Contraction) Add to G a shortcut edge euw between

each pair of in-neighbour u and out-neighbour w of v

for which: 1) the lex order u and w are larger than v;
and 2) hu, v, wi is the shortest path between u and w at
some time in T . When adding the shortcut edge euw, the
TTF is computed as fuw = fuv � fvw. However, the par-
allel edges can exist, and in this case, we merge existing
TTF f

0
uw as fuw = min(f 0

uw, fuv � fvw) and maintain
a middle node profile to track the intermediate node for
corresponding interval in TTF.

Fewer shortcuts improve query performance, but comput-
ing a lex order L that minimizes the number shortcuts is
NP-hard (Bauer et al. 2010). Thus, we use the heuristic order
suggested in (Batz et al. 2013). Note that the contraction op-
eration requires verifying local optimality and can be costly
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Figure 3: We show the result for contracting nodes E and F
in purple, and D in red. Dashed edge are the shortcut edges
and their corresponding TTFs are shown in the figure below.

in time-dependent scenario, therefore the steps 2-3 are par-
allelized. We refer the reader to the paper (Batz et al. 2013)
for more details of the parallelization.

Example 3. In Figure 3, we contract the time-dependent
graph shown in Figure 1 in alphabetical lex order. The TTF
of the shortcut edge eHJ is computed as fHJ = min(fHE �
fEJ, fHF � fFJ) and the corresponding middle node pro-
file is {(0, E), (40, F), (80, E)} which indicates the middle
nodes are E, F and E for the time period [0, 40),[40, 80)
and [80, 180), respectively. Also note, without shortcut edges
(dashed), the optimal path from A to B at time 150 has 6
edges: hA, H, E, J, D, G, Bi. However, with shortcut edges, we
traverse only four edges: hA, H, J, G, Bi.

Recall that TCH adds a shortcut edge euw iff both u and
w are lexically larger than the intermediate node v, and euw

is optimal and equivalent to the path hu, v, wi. Therefore,
for every pair of edges (euv, evw), there must exist a cost
equivalent up edge euw " (i.e, u <L w) or down edge euw #
(i.e, u >L w), if hu, v, wi is sp(u,w, t) for t 2 T . Thus, we
have the following:

Lemma 1. (tch-path): For every optimal path sp(s, d, t) in
G, there is a cost equivalent tch-path hs, . . . k . . . di whose
prefix hs, . . . ki is an up path (i.e., s <L s + 1 <L k and
suffix hk . . . di is a down path (i.e., k >L k + 1 >L d)

Corollary 1. (apex node): Every tch-path has a node k

which is lexically largest among all nodes on the path.

The key idea of TCH is that the shortcut edges can bypass
one or more intermediate nodes in a single step. To achieve
a speedup, authors in (Batz et al. 2013) develop the Bidirec-
tional TCH search (BTCH) to efficiently find the tch-path,
following Lemma 1. To support the bi-directional search,
BTCH divides the set of edges E into two as follows:


